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The bulk partition function of pure Chern—Simons theory on a three-manifold is a state
in the space of conformal blocks of the dual boundary RCFT, and therefore transforms
non-trivially under the boundary modular group. In contrast the bulk partition function
of AdS3 string theory is the modular-invariant partition function of the dual CFT on
the boundary. This is a puzzle because AdS3 string theory formally reduces to pure
Chern—Simons theory at long distances. We study this puzzle in the context of mas-
sive Chern—Simons theory. We show that the puzzle is resolved in this context by the
appearance of a chiral “spectator boson” in the boundary CFT which restores modular
invariance. It couples to the conformal metric but not to the gauge field on the boundary.
Consequently, we find a generalization of the standard Chern—Simons/RCFT correspon-
dence involving “nonholomorphic conformal blocks” and nonrational boundary CFTs.
These generalizations appear in the long-distance limit of AdS3 string theory, where the
role of the spectator boson is played by other degrees of freedom in the theory.
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1. Introduction

One of the most beautiful examples of a holographic correspondence is the
equivalence between three-dimensional Chern—Simons gauge theory and the
chiral half of a rational conformal field theory [1]. (For reviews see [2,3,4]).
We will refer to this as the CSW/RCFT correspondence. In recent years
a more ambitious example of holography has been investigated, that of the
AdS/CFT correspondence [5]. In this paper we discuss some aspects of the
relation between these two holographic dualities.

We expect to find a relation between the AdS/CFT correspondence and
the CSW/RCFT correspondence in the special case of superstring theories
on spacetimes of the form AdS3 x K7, where K7 is a compact 7-manifold.
The reason is that the low energy supergravity on AdSj3 typically contains
gauge fields with Chern—Simons terms. This raises a puzzle when K7 is a
product of spheres, such as K7 = S% x (S1)* or K7 = S3 x 8% x 8!, because in
those cases the dual conformal field theory associated with the S! factors is
in general not a rational conformal field theory. The present paper resolves
that puzzle.

In this paper we examine in some detail the holography of the massive
abelian gauge theories that appear in the AdS/CFT examples we have just
cited. At long distances these theories are dominated by the Chern—Simons
terms. We will show that the partition function of these theories has a kind of
factorization into “non-holomorphic conformal blocks,” which transform in a
finite-dimensional representation of the modular group. They are associated
to a theory of a nonchiral boson, consisting of the usual chiral boson plus an
antichiral “spectator”, and have a continuously variable radius. We think
this is an interesting extension of the standard holographic duality of CSW
theory to the chiral half of a rational conformal field theory.

Let us describe our results in some more detail. In section 2 we review
the well-studied example of a single massive abelian gauge field with action
[6,7]

1 .

(Here it is in Euclidean signature; our conventions are spelled out in the text
below.) The partition function of the theory is a product of two factors; one
factor is associated with a massive scalar field, and the other with a topo-
logical sector of the theory. We are mainly interested in the latter, although
we shall see that the effects of the first term do not entirely disappear at
long distances. The most natural way to study this theory — especially in
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the context of AdSs string theory — is to compute the path integral on a
three-manifold Y as a function of the boundary conditions on the metric
and gauge fields on X := 0Y.

In this paper we focus on the quantization of the theory on a solid torus
with Dirichlet boundary conditions for the gauge fields. We consider the limit
of an infinite-volume torus (such as a quotient by Z of hyperbolic space). In
this limit we can study the partition function by studying the ground state
of the gauge theory on T2. We do this by solving explicitly for the Landau
level wavefunctions in the quantization on the plane, and then projecting
onto gauge invariant wavefunctions, taking proper account of the Gauss law.
In this way we produce a finite dimensional space of wavefunctions, and the
partition function on the torus is a linear combination of these wavefunctions.

In the above approach it turns out to be important to include both chi-
ralities of the boson on the boundary, although only one of these couples
to the gauge field -this being the usual chiral boson of CSW theory. Put
differently, the partition function on the solid torus, in the limit of infinite
volume, is equivalent to that of a nonchiral boson with Euclidean action:

wk/d¢*d¢+4mk/8¢/\A1’o (1.2)

where ¢ ~ ¢ + 1 and therefore the target space of the boson is a circle of
radius R? = ka’. (We have assumed k > 0). The fact that we can even
speak of the radius shows that we must include both left- and right-movers.
We refer to the left-moving part of ¢, which is invisible to A, as a “spectator
chiral boson.” Note that the spectator does couple to the conformal metric
on the boundary.

In section 3 we turn to the main model of interest here, namely the theory
of two abelian gauge fields with off-diagonal Chern—Simons coupling. The
action is:

1 1
2e% 2ep

Our primary motivation is that this is the form of Lagrangian appearing in
the low-energy supergravity theory on AdSs in the examples cited above, al-
though as we discuss at the end of this introduction, there are other potential
applications of our remarks.

The topological sector of the theory has two parameters, these are the
integer k and the real number i := |eg/e4|. One might think that (1.3) is a
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trivial extension of (1.1) since one could introduce the change of variables

1
A= —— (A1) — A0y,
Tk )

B= g(A(” + A,

(1.4)

which gives two copies of (1.1), but with e? — |esep|, and k — +3k for one
term while k — —%k for the other. It turns out that we do not get a trivial
extension of the previous theory, because of the quantization conditions on
the periods of A and B. The dual theory is a theory of two bosons, ¢4, B
of period 1 with Euclidean action of the form S + Sy + S3 where

k
S = % /,u,dqu s« dp + prdo? « dgP (1.5)
shows the bosons have radius R% = $kpa’ and R% = $kp~'o/ while
Sy = itk / de™ A dpP (1.6)
shows there is a nontrivial B-field, for k£ odd, and finally
Sy = 2mk/[(14<—>)071 A9 — (AT)HO A GH)] (1.7)
gives the coupling to the gauge fields. In conformity with (1.4) we have
defined
1
() o (1 29B 4 1204
¢ ﬂ(u o7 +p 7o),
1 (1.8)
)= (2P — ).

V2

Note that qb(Lf) + gbg) is a nonchiral scalar coupling to the gauge fields, but,
for p non-rational, it does not have a well-defined periodicity, as promised.
The radii satisfy

Ba _
R 1 (1.9)
RaRp = k.

Although the boundary conformal field theory is not rational (when p is not
rational), thanks to the quantization of R4 Rp, the partition function on the

a In what follows, o’ = 2 unless noted otherwise.
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torus is always a linear combination:

Z= > ("U4(4,B). (1.10)
BeEA*/A

Here Wg(A, B) span a finite-dimensional space of states. They are propor-
tional to Siegel-Narain theta functions (defined in appendix A) associated
to the hyperbolic lattice A = VEIT"!, and

B e N A= (Z/KZ)2. (1.11)

The Wg are also not holomorphic in 7, but do transform in a simple fi-
nite dimensional representation of the modular group. These higher level
theta functions generalize the familiar holomorphic level k theta functions
of RCFT. The case k = 1 is simply the modular invariant partition function
of a single compact boson.

In section 4 we show that our considerations easily extend to the most
general abelian Chern-Simons theory with gauge group U(1)? and action

1
/ 5% Aoy dAY « dAP — 2miK 3 A%d AP (1.12)

where 2K, is an even integral nondegenerate symmetric matrix, and hence
defines a lattice A, while A*? is a positive definite symmetric matrix. The
boundary theory, including the spectator chiralities, is a theory of d nonchiral
bosons. The metric for the bosons is determined by A*? and K, while the
B-field is

—omi / > Kopdg® A dg” (1.13)

a<pf

Left plus right movers move in a target space Vi @ Vg, where V = R
Using the data of both A** and K, one constructs a projection matrix Py
on V which is compatible with the projection into left and right movers.
The bosons coupling to the gauge fields lie in V;, _ @® Vg . The “spectator
chiralities” lie in V7 ® Vg, —.

Finally, the computations also generalize in a natural way from the torus
to higher genus Riemann surfaces.

Now let us discuss the relation to the purely topological CSW theory. In
the AB theory, the space of states spanned by ¥z in (1.10) is k*-dimensional,
in harmony with a standard analysis of the pure Chern—Simons theory as-
sociated to the €2, e% — oo limit of (1.3) [1,8,9,10]. Indeed, the topological
Hilbert space and the representation of the modular group are independent
of y (and independent of A*? in the higher rank case). Nevertheless, the
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path integral on the torus naturally introduces u-dependence in the basis
of wavefunctions, and is essential in writing the path integral of the mas-
sive Chern—Simons theory. The dependence of the topological field theory
on u is quite analogous to the dependence of the topological Hilbert spaces
H(X) associated to a Riemann surface X on the complex structure of X.
Because it is the fields Ag) , A({) which couple to the currents, the holomor-
phic polarization is more natural when using the AdS/CFT correspondence.
Indeed, the path integral on AdSs with no operator insertions is in the state
(1.10) with ¢* ~ dg,.

Our work touches on a number of other closely related investigations.
First it touches on an old problem in the CSW/RCFT correspondence. The
chiral half of an RCFT is only part of the data needed to construct the
conformal field theory, as stressed in [11,12]. Indeed, in general different
CFT’s can be made from gluing together the chiral parts using different
automorphisms of the fusion rules [12,13].° Thus, a vexing question has
always been: “How does one modify the CSW theory to incorporate both
left- and right-movers?” The present paper provides the beginning of an
answer to that question, at least in the case of abelian gauge theories.

The importance of including the kinetic terms ~ [ F x F in studying the
holography of abelian Chern—Simons theory was stressed by S. Carlip and I.
Kogan in their attempt to rewrite string theory as a topological membrane
theory [17]. They did not explain the role of left- and right-movers in the
way we are doing, but introduced this term to account for dependence on the
boundary conformal structure. More recently, off-diagonal Chern—Simons
terms have been discussed by Witten in [10]. In his discussion it is crucial
that the theory with k = 1 is “trivial.” What this means, in our context, is
that there is only one wavefunction Wz, and it transforms trivially under the
modular group. Indeed, as we have noted, the level 1 Siegel-Narain theta
function is simply the theta function appearing in the modular invariant
partition function of a conformal field theory of both left- and right-movers.

The present computations might conceivably find a use in condensed mat-
ter physics, where classification of quantum hall states involves the study of
general abelian Chern—Simons gauge theories [18,19,20,21,22,23,24]. Curi-
ously, for related reasons, massive Chern—Simons theories with two gauge
fields and opposite sign Chern—-Simons terms have recently been recognized
as being important in condensed matter physics with a view towards quan-

b There are important subtleties in this statement which have been investigated in [14,15,16].
However they do not affect the very simple models considered in this paper.
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tum computation. See, for example, [25]. Also in [10] Witten pointed out
that the triviality of the AB theory for £k = 1 has important consequences
for the classification of quantum Hall states. In the simple case where we
do not consider spin theories, the results of this paper, combined with the
Nikulin embedding theorem [26] show that abelian Chern—Simons theories
are classified by the signature of A modulo 24, together with the discriminant
form of the lattice A, where A is the lattice determined by —2K 3.

Finally, one motivation for the present work was a project involving the
AdS/CFT correspondence, so let us mention briefly here some implications
for the AdS/CFT correspondence. (Further details are in [27].) The rele-
vance of topological field theories to the AdS/CFT correspondence was first
discussed in [28]. The authors of [29] discussed in some detail the singleton
sector of supergravity theories in the AdS/CFT correspondence in a variety
of dimensions. We will improve on [29] in two ways. First, we show that the
Hamiltonian for the singleton is naturally chosen by using Dirichlet bound-
ary conditions for the second order system in the Euclidean path integral.
Second we show how one can discuss the radius of the singleton scalar.

We have studied here the simple free-field theory of abelian gauge fields.
In the AdS/CFT context these gauge fields couple to other degrees of free-
dom in the low energy supergravity. Nevertheless, based on simple consider-
ations of the decoupling of topological modes at long distance, we conjecture
that the full partition function of the string theory on AdSs x K7 can still
be written as

Zstring = Z Csﬁtring\l’ﬂ(A’ B) (114)
B

where Csﬂmng is A, B-independent, and Wg(A, B) are the same functions as in
(1.10). That is, the dependence on the boundary values of the U(1) gauge
fields is given by a wavefunction in the topological Hilbert space determined
by the free massive gauge theory. The essential difference from the massive
gauge theory (which is not a holographic theory, since it does not contain
gravity), is that Csﬂtring only depends on boundary data. In [27] the conjecture
(1.14) is used to investigate the holographic correspondence for AdS3 x S3 x
S3 x St

€ We thank Paul Fendley for pointing this out.
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2. Review of the standard case

The massive 3d gauge theory was analyzed in a classic paper [6,7] and the
topological sector of the theory was understood in [30,1,31,8,9]. We review
it here as preparation for the AB theory.

2.1. The classical theory

We are interested in studying abelian Chern—Simons gauge theory on a topo-
logically non-trivial 3-manifold Y. In this section, we focus on the simplest
example of such a theory, with U(1) gauge group, whose action is (in Eu-
clidean signature),

1 .
Sg = / Q—eQdA * dA — 2mik AdA . (2.1)

Here, the gauge connection A is a section of a principal U(1)-bundle over Y,
normalized so that dA has integral periods and large gauge transformations
are A — A+ w with w a closed 1-form with integral periods. In order to ob-
tain the partition function of the Euclidean theory, one has to integrate over
the space of all gauge connections A (modulo the gauge equivalence) with
the measure e~°. Similarly, on the Lorentzian space-time with signature

(—,4,+) the action looks like

S = / %dA x dA+ 21k AdA (2.2)
and the measure is given by .
The coupling k is an integer if the Fuclidean theory is to be well-defined on
all 3-manifolds. If we use spin bounding 4-folds then we can take ky,;, = :l:%.
The coupling e has dimensions of mass. Under a conformal rescaling
G — 92y of the 3-dimensional metric the first term in the action scales
as Q7! while the second is invariant. Therefore, we expect that at long
distances the topological term dominates. Note that in this sense the long-
distance limit is the e? — oo limit.
The equations of motion are

d+ F —4rke’F = 0. (2.3)

In the presence of a boundary we vary in a space of fields such that the two
form

SAN (xF — 2rke®A) = 0 (2.4)

vanishes when pulled back to the boundary.
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2.2. Solutions to equations of motion

We are interested in formulating carefully the phase space of the theory.
One way of formulating physical phase space is that it is the space of gauge
inequivalent solutions of the equations of motion.

In the present theory, thanks to linearity the space of (not necessarily
gauge inequivalent) solutions of the equations of motion is a product

S =87 xSy (2.5)

where Sy is the space of flat solutions F' = 0. These are the solutions of
the topological sector. A = Ay + A,y where A, is orthogonal to the flat
subspace in, say, the Hodge metric.

More generally, on Y = X x R, X compact we can take A = Ay + A, ¢
where the nonflat component A, is defined by saying it is orthogonal to ker d
in the Hodge metric. The space of solutions to the equations of motion is a
product. When X is noncompact one needs to include boundary conditions,
and the space of solutions might or might not be a product.

The main result of [6,7] is the “equivalence” of the massive gauge theory
to a theory of a massive scalar field. In our context this means that we
can identify the factor S, with the space of solutions of the massive scalar
equation.

2.3. Hamziltonian Formalism

Let us work out the Hamiltonian formulation on a spacetime of the form X x
R, with metric —dt? + gijdxidxj and orientation dtdxz'dz?. The canonically
conjugate momentum as a vector-density is (€2 = +1):

i 1 Wi A ij
I = g\/gg T(Aj — 0;Ap) + 2mke A; . (2.6)
The action can be written as S = f dtL with
L= / MA; — H + / A (aini + 27Tkeij8iAj> (2.7)
X X
where we find a Hamiltonian
€2 i i 1

X 2\/§ 62

where %9 is the Hodge star on X and

E":=T1I' — 21ke" A; (2.9)
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(We will also denote E? = II' below.) The Gauss law is:
I + 27ke9;A; = 0. (2.10)

That is, V- E + 47kB = 0.

2.4. Phase space and symplectic structure

There are two descriptions of the phase space, depending on how one works
with Hamiltonian reduction.

One way to formulate physical phase space is as the space of gauge in-
equivalent solutions of the equations of motion. This point of view makes it
obvious that the phase space is a product of the phase space for flat gauge
fields and for nonflat gauge fields, P = P; x P,y for the flat and nonflat
parts of the theory.

Another way to formulate the theory “upstairs” in Ag = 0 gauge is to
take phase space to be the cotangent space with coordinates (I, 4;) and
symplectic form:

Q:/ SII' A 6 A; (2.11)
X

where ¢ is exterior derivative on the infinite dimensional phase space. Notice
that when (2.11) is restricted to the subspace of flat gauge fields, by (2.9)
we get second class constraints and the phase space is the Chern—Simons
symplectic form

QO :/ 2mkGA A SA (2.12)
X

This is gauge invariant on the subspace F' = 0 and one may then perform
Hamiltonian reduction.

It is instructive to consider the e? — oo limit. Using (2.8), we see that
if we restrict to finite energy field configurations then we must set E = 0.
Then, by the Gauss law we must put F' = 0. As we have said, restriction to
this subspace imposes second class constraints and we are restricting to the
flat factor in phase space.

2.5. Quantization in the Schrodinger representation

If we quantize on phase space and then impose the Gauss law we have
wavefunctionals W(A;), and we quantize using the symplectic form (2.11).
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Thus

J

H:_ZéAi'

(2.13)

Since we can split A = Ay+ A, and the Hamiltonian does not mix these,
the Hilbert space of the theory is naturally thought of as a product

H=H;QHyys (2.14)

where H is the space of wavefunctions of flat potentials.
The Gauss law is:

V(A +w) = e 2mk[eridyg(4) (2.15)

This is valid also for large gauge transformations. Here w is a closed 1-form
with integral periods. Note that this does not affect the A, ; variable.

2.6. Fuclidean Path integral on the solid torus

We will determine the Hamiltonian for the singletons by considering the
Euclidean path integral of the theory on the solid torus, and then interpreting
that path integral in terms of Hamiltonian evolution in the radial direction.

Since our action is second order in derivatives, when formulating the
path integral on a handlebody Y we should specify all components of Ax
on the boundary X. This is to be contrasted with the Chern—Simons path
integral which is a phase space path integral, and in which we specify just
one component of Ax on the boundary X.

Let us consider the Euclidean partition function of the theory on a solid
torus with radius p denoted Y, = D x S!. We assume the torus has a metric
that behaves asymptotically like dp? +Q2(p)gx. The path integral defines a
state Wy, (A) given by

_ [ _dAYy [ L dAxdAtorik [ AdA
Ty, (A) = / ST (2.16)

where G(Y') is the gauge group on Y,. We can understand the behavior for
p — o0 just from the above understanding of the spectrum.

dThis requires explanation. The proper mathematical formulation involves regarding ¥ as a
section of a line bundle over the space of gauge potentials A(X) on X. We then lift the group
action, and find that a lift only exists when ¢1(P) = 0. There is a canonical trivialization of the
line in this case, as well as a canonical connection, and the wavefunction becomes a function. A
similar discussion holds for the more subtle case of the M-theory C-field [32].
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We can view the evolution to large p as evolution in a Euclidean time
direction. The large p behavior projects onto the lowest energy states,
lim Ty, (A) = e PP, (2.17)
p—00
with Wq in the space of ground states on the torus with energy FEy. The
insertion of local operators such as Wilson lines or other disturbances induces
transitions between vectors within this space of ground states.

2.7. Quantization on the torus

We now consider quantization on 7% x R. Our wavefunction is ¥(Af) ®
U(A,f). The spectrum of the nonflat sector is clear, and we take the unique
ground state wavefunction for this factor: It is the product of harmonic
oscillator ground states for the oscillators of the massive scalar of [6,7]. In
this section we drop this factor so we can focus on the dependence on Ay.

To simplify matters, we work on a torus X = T2 with z = o' + 702
and metric Q?|dz|?, o' ~ o' + 1. We fix the small gauge transformations by
assuming Ay is constant.

In complex coordinates A = A,dz + Azdz we have

Az:Az_?/h? AZZ—A2_TA1.

T—T T—T

We further define the zero mode of the shifted momentum (2.9) as

117 = 2 —i——— — 2Tke** A5(Z)) = —i 9A 4kl Z | >
/d z( 15 ) ke** A (z)) z< ; rkImTA >

. (0
I = —1¢ (aAZ+47Tk:ImTAZ>

(2.18)
so that the Hamiltonian is:
2
e ~ o~ ~ o~
H = IT*T1% + II°117) . 2.19
4 ImT ( * ) ( )
Note that these do not commute: [II?,11*] = —87kIm7. The ground state

energy density is 27|k|e? and is infinitely degenerate, as in the standard
Landau-level problem. If £ > 0 we have

[P0 =0= U =¢ mhmridz 4 ) (2.20)
If £ < 0 we have

P0 =0 = U = lmhimrdAzy 4 ) (2.21)
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Here 1 are arbitrary holomorphic functions. Indeed, if we take ¥ = ¥y,
where

Ua(z) == e, (2.22)

then the set of wavefunctions {U,|A € C} is an overcomplete set spanning
the infinite-dimensional lowest Landau level.

The set of states spanned by (2.22) is infinite dimensional, but when we
consider gauge invariant wavefunctions on the torus the lowest Landau level
(LLL) becomes finite dimensional. We have already enforced the invariance
under small gauge transformations by choosing our flat connections to be
constants on the torus. We can impose the invariance under large gauge
transformations by averaging over large gauge transformations. Given any
wavefunction W(A) the average:

T(A) = Y U(A+w)emkea (2.23)

1
weHarmy,

where Harmlz are the harmonic 1-forms with integral periods, transforms
according to the Gauss law (2.15).
Now assume k > 0 and get the projected wavefunctions of the LLL:

@(/D . N€747TklmTAzAz Z 6747rk Im‘rwzwgef&'rk Im‘rngzw(Az + Wz)
wEHarmIZ
(2.24)
where N is a normalization constant, which might depend on 7.

Let us now consider the space of wavefunctions — as functions of A, —
that we obtain from (2.24) and (2.22). At first, one might think that the
space is infinite dimensional since A in (2.22) can be any complex number.
However, using the Poisson summation formula we find that

NN 2 A2 Im7 1,2 1,2 PR L
\I/)\ — e—47TkImT(AzAz+Az)_167rkIrnT\/7 E q§PLq§pRe—ﬁ87rkIm7—Az—?)\

(2.25)
where ¢ = 2™, and
pr = (n/R+mR/2), pr = (n/R—mR/2),
B _ ok (2.26)

We recognize that we have the soliton sum of the partition function of a
scalar field with radius R. Since R? = 2k is integral it is a rational conformal
field theory, and the infinite sum can be split as a finite sum of terms of the
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form f;(A)gi(\). The sublattices p;, = 0 and pr = 0 are of index 2k in the
Narain lattice (pr;pr). Indeed, after a little algebra we see that (2.25) can
be written as:

IIIlT A
— - Q _
Wy =e 94/ E O_,k(—2iImTA,, —7)0,, <4mk ) . (2.27)

0<u<2k
where
Q = 4rkImT(A Az + A%) + )\72 . (2.28)
2 16mkImT
The level k theta functions p = —k + 1,...,k are defined by
,u,k w, 7_ Z qk(nJr,u/ (2k)) (,u+2kn) (229)

nez
where y = exp(27miw). Equation (2.27) shows quite explicitly that the space

of quantum states is in fact only finite dimensional. A basis for the vector
space of states is

¢ — N IIZT _47rkImT(AZAE+A§)@,M7k(—2’L' Im7A,, _?) ’ 1< pu<2k.
(2.30)
Finally, we would like to determine the normalization N'. We do this follow-
ing a trick in [9)].
The flat gauge fields on the torus can be written A = dy + A,dz + Azdz.
From the Gauss law ¥(A) = ¢ (A, Az). However there is a Jacobian for the
change of variables from A to x, 4., Az. Now

/ A G 47w, (4] = det/( / dA, / QA (231)

volg #

We can regularize det'(d) = v/ Im7|n|>. We can also evaluate the inner
product of the states (2.30):

1
/ a4y / Ay, = B S n WP [ty 3 i ime e pfaey
ﬁ

W o (2.32)
Normalizing the wavefunctions to one gives:
k3/4 — 4k Im (A, Az+A2) . =
=0 O, (2 ImTA,, -T). (2.33)

n
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Remarks:

1. The higher Landau levels are obtained by acting with II* to give en-
ergy densities 2ke?(2N+1), N > 0. Note that (2.24) is independent

of €2, and hence has a smooth limit as e?

— 00. Moreover, the gap
between Landau levels becomes infinite in this limit.

2. The dependence on A, is that of the wavefunctions in the holomor-
phic polarization of the pure Chern—Simons theory. Equivalently,
they are conformal blocks for the Gaussian model at R? = 2k, cou-

pled to an external gauge field.

2.8. Holographic mapping to the Gaussian model

We now interpret the sum (2.24) in terms of conformal field theory. The
first exponential factor in the sum in (2.24) is just the standard value of the
Gaussian model action

ke / de + do (2.34)

evaluated on a soliton configuration d¢ = w = nido' + nado?. In our
conventions, we use a scalar of periodicity 1 and hence we get the Gaussian
model on a circle with radius

R? = ka/, (2.35)

with both left-movers and right-movers. Of course, we then recognize the
Narain lattice in (2.26) with o’ = 2. Note, however, that the coupling of ¢
to A, is chiral, and given by the Lagrangian

4rik / ap N AMO (2.36)

For k > 0 we have holomorphic functions of A, coupling to the rightmov-
ing current 0¢ and for k < 0 we have holomorphic functions of Az coupling
to the leftmoving current d¢.

Remarks:

1. In [17] Carlip and Kogan discuss very closely related matters in their
attempt to rewrite string theory as a topological membrane theory.
The Landau levels are solved for in their Eq. (3.4), which they are
thinking of as the solutions of the full Schrédinger equation in the
limit e? — o0o. Their motivation was to introduce dependence on the
conformal structure of the boundary into the wavefunctions. They
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intended to get left and right-moving degrees of freedom from the
inner and outer radii of an annulus, as in [31,9].

. We now propose a somewhat heterodox interpretation of the equa-

tion (2.24). We propose that the dual conformal field theory is a
theory of both a left-moving and a right-moving boson with the ra-
dius (2.35). The fact that both chiralities are present is surprising
since the canonical quantization of the pure Chern—Simons theory is
well-known to lead to a single chiral boson. In particular, with ap-
propriate boundary conditions the quantization on the disk gives a
chiral boson degree of freedom on the boundary. One should distin-
guish between the modes of A on the boundary which, with proper
boundary conditions are those of a chiral scalar and the dual field
theory variable ¢. Note that 0¢ couples to A, it is not one of the
degrees of freedom of A. Moreover, only one chirality of ¢ couples
to A. The other chirality is a “spectator” in the sense that in (2.24)
only one chirality wz couples to the external gauge field. Neverthe-
less, there are really two chiralities present in (2.24). Both chiralities
couple to the conformal metric.

. One way to make the point about the “reality” of the spectator

chirality is to note that we have identified a definite radius, (2.35).
In order to understand why this is surprising one must recall some
standard points from RCFT. In RCFT the wavefunctions (2.33) are
the conformal blocks of a Gaussian model with “U(1) level N current
algebra.” By definition, this is a holomorphic U(1) current algebra
extended by holomorphic currents

eFIVINGR) (2.37)

of conformal dimension N. There are 2N distinct representations of
this algebra generated by expli—Z=¢(z)] for r ~ r +2N. The con-
formal blocks of this theory on the torus are level N theta functions.
This theory is dual to the pure Chern—Simons theory with action

2miN / AdA (2.38)

in a normalization where dA has integer periods. In units o/ = 2
the Gaussian model with radius R has U(1) level N current algebra
whenever R? is rational. More precisely, if R? = p/q is in lowest terms
then N = 2pq for p odd and N = pq/2 for p even. In the present
section we have R? = 2k and hence N = k, hence 2k topological
states. Returning to the general case, for a given N there are several
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Gaussian models with the same chiral algebra, corresponding to the
different ways of factoring N. The choice of a definite radius is a
choice of how to combine left- and right-moving conformal blocks
[12,13]. One cannot speak of the radius without introducing both
left and right movers.

4. The role of the spectator chiralities is further clarified if one com-
pares carefully the Euclidean and Lorentzian versions of holography.
In the Lorentzian case we have an isomorphism of Hilbert spaces. As
we have mentioned, quantization on D X R yields the Hilbert space of
a chiral boson, depending on which boundary condition we impose.
Since we could impose either boundary condition, both chiralities are
“present.” Perhaps a good analogy is the light-cone gauge quantiza-
tion of a massless scalar. Making one gauge choice one only sees one
of two chiralities. In the Euclidean formulation, the path integral
on the bulk manifold is equivalent to the path integral of some CFT
on the boundary. Here we impose Dirichlet boundary conditions on
the gauge field and compute a wavefunctional W(A) of the boundary
value of A. It is here that we see the necessity of both chiralities in
identifying W(A) with a conformal field theory partition function.

3. The AB theory
3.1. Action
Now let us consider the AB theory with action:
—1 -1
So= | -5 dAxdA+ —5dBx*dB + 2nkAdB. (3.1)
2e% 2ep
The gauge group is U(1) x U(1), and in particular large gauge transforma-
tions are A — A+w? and B — B+w? where the w?,w? are closed 1-forms

with integral periods.
The above treatment is asymmetric in A, B. By using

/ AdB = / BdA + / d(BA) (3.2)

we can convert to a theory with action:

—1 —1
Ss = /QdA *dA+ —dB xdB + Tk(AdB + BdA) (3.3)
2e% 2ep

which is manifestly symmetric under exchanging A <+ B, e4 < eg. More
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generally, we can use (3.2) to formulate the action
-1 -1
Sy = / 5 dA*xdA+ ~—dBx*dB +7Tk[(1 +2x)AdB+ (1 — x)BdA} . (34)
2e% 2ep

It is very useful to introduce u := |ep/e4| and the linear combinations
I (MWB N u1/2A> ,

| (3.5)
JCnS <u‘1/2B _ u1/2A>

the inverse relation being (1.4). If (and only if) x = 0 in (3.4) we may use
these fields to write the action as a sum of two “decoupled” theories:

S, = / [_1dA(+) «dAT) 4 ka(+)dA(+)]
2|leqep|

i / [ﬂgi,m—) L dAC) ka(_)dA(_)] |
A€EB

(3.6)

One might conclude that the AB theory is merely two copies of the one-field
case with opposite signs of k. However, if u is not rational then A, A)
cannot be defined as connections on topologically nontrivial line bundles.
They are not truly independent. In particular, to implement the Gauss
law on wavefunctions we cannot simply take a product of wavefunctions for
A AC) and implement the Gauss laws separately. This is what makes the
AB theory an interesting and nontrivial extension of the one-field case.

Another interesting new point is that the topological limit is 6?4 —
oo,eQB — o0 holding u fixed. Thus, the topological sector of the theory
has a continuous parameter u, in addition to the discrete parameter k. It
is usually said that in the long distance limit the kinetic terms have no ef-
fect. As we shall see, this is not quite true. The ratio p does affect the
wavefunctions in the topological Hilbert space.

3.2. Equations of motion
The equations of motion are

dx dA™) = 2nk|eqep|dAT)

3.7
dxdAT) = —27k|esep|dAT) 8.7)

and therefore there are two propagating vector fields of m? = (2rkesep)?.



September 2, 2004 9:57 WSPC/Trim Size: 9.75in x 6.5in for Proceedings moore2

Chern—Simons gauge theory and the AdSs/CFTy correspondence 1625

The boundary conditions should be such that when pulled back we have

L AvdA— L B e dB 4+ 7k((1+2)0BA+ (1 —2)5AB) = 0. (3.8)
€% e

3.3. Hamiltonian formalism: Symmetric formulation (x = 0)

The Hamiltonian formulation is easily deduced by combining (3.6) with sec-
tion 2.3. We have

S.= _H+ / I AC) 1+ 10 AC) 4+ A (D11, + mhe'19,ACD)

(3.9)
+ Ay (BT — kT 9; A7)
where H is the Hamiltonian (two copies of the usual one) and
. 1 . .
I, = V397 (00 AT — 9,457 + whe AT
cacn ’ (3.10)
; 1 y _ _ g :
. = V97 (00AT) — 8iAS)) — mhe AT
epep
The symplectic structure is
Q= / ST, 6 A 4 611 547 = / S48 A; + 6116 B; . (3.11)
b's X
The Gauss laws become:
Ol + ke 9;A; =0,
B ’ (3.12)

BZH% + wkeijaiBj =0.

Imposing the second class constraints of restriction to flat gauge fields gives
symplectic form

Q= /X 21ke6B; NG A; . (3.13)
Quantum mechanically, working in “upstairs formalism” the Gauss laws
become
Uy +wa, B) = e TP (4, B), (314)
U, (A, B+uwp) =e ™My (4 B). '
Thus, if we shift by both w4, w? then:
U (A+w?, B+ wB) = e Tkl rotBroPAy (4 By (3.15)
Note that this is only a consistent transformation law so long as w?, w® have

integral periods and k is an integer.
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Remark: Here we encounter a truly treacherous point. Since the action
separates as in (3.6) one might have expected the Gauss law to be simply
the product of that for the A" and the A(-) theory. That is, one might
have expected that

\IIS(A(+) +w), A 4 w(—));emk f(w(’)A(’)—w”)A(”)\ps(A(Jr)’A(—)) )
(3.16)
While this indeed agrees with (3.14) if w? = 0 or if w® = 0 it does not agree
with (3.15) ! We will discuss this subtlety more thoroughly in the general
case in section 4.2 below.

3.4. Hamiltonian analysis

For completeness, in this subsection we give the formulation for an arbitrary
value of x. The conjugate momenta are:

=10 + wk(1 — )€ B;

S~ . (3.17)
5 =1+ 7k(l +x)e’ A;
where ﬁféx g is z-independent. Then
/ leAi—l—HiBBZ-—S_/Hdt
+ / 40;Ag — k(1 + ) Age" 0; B; (3.18)

- /H@'BaiBo — k(1 — 2)Boe 9;B; .

Note that no integration by parts has been used at this point.
The classical Gauss law expressed in terms of II is z-independent. On

the other hand, the quantum Gauss law is
Vo (A+w?, B) = e R[NPy, (4, B), (3.19)
\III(A,B +WB) _ e_i“(l_w)kf“’BAA‘lfx(A, B) . .

The wavefunction and Hamiltonian depend on the choice of . The general
transformation between wavefunctions is

U, (A, B) = Q.U (A, B) = ¢ ™[ ANBy (A B) (3.20)

where x = 0 is the symmetric formulation. The Hamiltonian is obtained
from H, = Q. H,Q; L.

We henceforth set x = 0 but the formulae for general x can be obtained
using (3.20).
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3.5. Ground states on T2

The standard Hamiltonian analysis on D x R yields a left- and right-moving
chiral boson, once one chooses appropriate boundary conditions. However,
as in the previous section, we focus on the Euclidean path integral on the
solid torus, since the natural Dirichlet boundary conditions on the fields
distinguishes a Hamiltonian for the singleton modes. Therefore, we use the
same trick of considering the gauge invariant ground-state wavefunctions on
T2,

Again we have the factorization Hy ® H, s of the Hilbert space and we
concentrate on the wavefunctions of flat gauge fields. We do this, and fix the
small gauge transformations by taking our wavefunctions to be functions of
the constant gauge potentials.

The Hamiltonian can be written as:

H —_ % ( 0 —27TkImTB> (a 4 2nkImTB )
s 2Im7' 814;; # aAg z (3 21)
- eQB ( 0 - 27rkIm7'A> <8 +27kImTA > ‘
2Tm7 \ OB, *) \ OB= z

and one can solve for the Landau levels. A trick for finding these is to write
the Hamiltonian as a sum of two copies of (2.19), with opposite signs of k.
From (2.20) and (2.21) we can write without further ado the wavefunctions
in the lowest Landau level (assuming k& > 0):

U 5= 6—27rk1mTA<j>A<;)—QFkImTAS)A(;)eXA§+>+>\A(;> ‘ (3.22)
These have energy 27k|eqep| for all values of A, ), (they are not related by
complex conjugation), and (3.22) forms an overcomplete set for the LLL.
Again, this space of states is infinite dimensional.

Let us now follow the procedure used in the one-field case. Averaging
the wavefunctions (3.22) over the large gauge transformations for A, B to
enforce the Gauss laws (3.14) gives a family of gauge invariant ground states

parametrized by A, A:

EA,X _ Z \IIA,X(A + wA’ B+ LUB> eiwkfwAwB+i7rkfwAB+i7rkfwBA _ (3'23)

wA wB
Applying this to the wavefunctions (3.22) we have the averaged sum:

— () (), (=) ()N An, B
_ A E 2k Im 7(wy wr wy Tws itk [ w®Aw
\II)\,)\ _\Ij)\,)\( ,B) e ( z z )e f

Tl ), (), 2, (3.24)
Xe)\wz —ArkIm7TA;wy —ArkIm T A Cwy C+Awy
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*+ are related to w?,w? by the same linear transformation as (3.5).

where w
Our next move is to give an interpretation of the sum (3.24) as an in-
stanton sum in the partition function of a Gaussian model on the torus. To

begin, we write

W) )

s ws )+ wgf)wé_) = pwiod + plwBul . (3.25)

z z

Therefore, we see from the quadratic terms in w in (3.24) that we have
two Gaussian models, one at radius R% = %k:,ua’ and one at radius R% =
%k,u_lo/. Let us call these Gaussian fields ¢*, ¢®. They have periodicity 1
and both left- and right-movers, so w? = d¢* in an instanton configuration

on the torus. The quadratic piece of the action is

Sy = %k / do « dp™ + p~1dg® * dpP . (3.26)

There is evidentially a B-field:
Sy = ink / do? A doP . (3.27)

Now let us consider the coupling to the external gauge field. Let us form
the linear combinations:
1
¢(+) — \ﬁ(ﬂ 1/2(;53 +M1/2¢A)’
1 (3.28)
=) — = ¢, ~1Y/2,B__  1/2 A
¢ ﬂ(u ¢7 — 7o)
and similarly for w®). Comparing with (3.24) we see that the only couplings

of the Gaussian fields are A(;) couples to d,¢(~) while Agﬂ couples to dzp(H).
To be more precise, the linear terms correspond to an action:

S3 = 2mik / (AN A 9p) — (AT A g )] (3.29)

Thus, the rightmoving part of ¢ and the leftmoving part of ¢~ couple
to the external gauge fields, and correspondingly, one chirality of each of ¢*
and ¢P “decouples” from the gauge fields, but not from the metric.

Note, that unless p is rational the scalar fields (&) do not individually
have a discrete periodicity, that is, we cannot consider ¢ to be a well-
defined periodic scalar field on its own. The unusual and interesting point is
that, nevertheless ¢, + ¢E and (b”LL + ¢ are very nearly well-defined periodic
scalars.
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Remarks:

1. Notice that (with o/ = 2) the radii satisfy (1.9). The second equation
relating R4 and Rp is analogous to the T-duality relation. Standard
T-duality is Ra4Rp = 2 in units o/ = 2.

2. Note that the wavefunction (3.22) only depends on e4,ep through
the ratio u. Thus, if e4, ep — oo holding p fixed then the wavefunc-
tion has a smooth limit. This is the limit in which we expect the
topological theory to dominate. The gap to the next Landau level is
~ 2rtkleqep|.

3.6. Vector space of wavefunctions on T?

At this point we could proceed with standard quantization of the CFT de-
fined by (3.26) and (3.29). Let us stress that for generic p this conformal
field theory is not a rational conformal field theory. Nevertheless, as we will
show momentarily, the space of wavefunctions (3.24) spanned by A\, A € C
is finite dimensional and defines an analog of the space of conformal blocks.
Moreover, we will show that the partition function can be written as a finite
sum of factorized terms in a fashion very reminiscent of RCFT.

In order to get at the spectrum we will take a shortcut and simply perform
a Poisson resummation of the instanton sum (3.24). We rewrite the sum in

A = nido! 4+ nedo? and WP = Mido! + Nado?.

terms of w?, w?. We write w
Next we do a Poisson resummation on mng,no and convert the sum to a
form where we recognize the Hamiltonian formalism (of the conformal field

theory). After some algebra one arrives at the result:

= 2ImT 2)_1(p2+p2
Vx= QZQ"’ PL) gz (P tPR)

exp[—47r\fImTAg+)(pR + pR)/\/i - 477\/EImTA)(Z:)(pL — ﬁL)/\@

- j%om RV - j%m L)V

where the prefactor e~ is determined by

(3.30)

Q = 2rkIm7r[AT AL + A7 A7)

+32 —\2 2 | 12 (3.31)
+27TkImT<(AZ) + (A7) > + 87rkImT()\ +A7).



September 2, 2004 9:57 WSPC/Trim Size: 9.75in x 6.5in for Proceedings moore2

1630 S. Gukov, E. Martinec, G. Moore and A. Strominger

Now we have

p—pr_1 R _

7 7 M2 T 5 M2,
prtpr _ 1 LB

V2 R ok

- (3.32)

pr+pL 1 i R "
T*R(WZ— nl)‘i‘%(mQ— ni),

5 1 _ B
]L\@p]%:ﬁ(mg—knl)—%(mg—knl)

where R = V2R4 = 2pk, mo, ma,ni, 1y € Z.

At this point we can recognize the following. The sum (3.30) is a sum
over a signature (2,2) Narain lattice. We can define two sublattices: A4
is the lattice of vectors “coupling only to A and not to A.” Thus, it is
defined by pr — pr = 0,pr, + pr, = 0. Similarly, A* is the lattice of vectors
pr + Pr = 0,pr — pr, = 0. The main observation is that these are each
sublattices of signature (1,1) and A4 @ A* is of finite index in the full Narain
lattice. The analog of the chiral splitting of RCFT is obtained by summing
over the lattice vectors in A4 @ A*. This sum is a factorized product of a
function of A and a function of A. Then, the full sum is given by a sum of
this factorized form over the coset representatives and takes the form

> (AT (3.33)

BeA* /A

where the lattice A will be defined presently. In this way we have defined a
factorization into “nonholomorphic conformal blocks.”
Let us make all this explicit. Note that we may write

ma =ka+ p,
mo =kb+ p, (3.34)
mg—kﬁlzkc—i-p, ‘

ﬁzQ—knlzkd—Fﬁ

with a,b,¢,d € Z and 0 < p,p < k — 1 all uncorrelated. In this parametriza-
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tion we may write

pL—pL pr+Pr\ _ [k [uk
( N R )_a,/%eo b\ G fot 5.

=ae; —bf1 + (3.35)
(pLjipL;pR\;;R) :c\/ieo—i—d /%kaJFB
=cer—dfi + 7

where 3 = p/ke; — p/kf1 and B = p/key + p/kf1. Here eg := (1;1), fo :=
(1; —1) generate the lattice v/2IT%!. The vectors e, f; generate a lattice
A=e1Z+ f1Z = VEIIY. Note that A* = %A, and we may regard 3, 3 as
representatives of elements of the dual quotient group A*/A.

Now, with any lattice of indefinite signature, but with a projection into
definite signature subspaces one may form a Siegel-Narain theta function.
The definition is reviewed in appendix A. We may write our analogs of “con-
formal blocks” in terms of Siegel-Narain theta functions for A. Specifically,
we have

21 - -
Ws(A) = N % TR (AT AT ACHAT g (10, 8; P;£(A)),  (3.36)

N is a normalization constant and

W5(A) = Oa(7,0, 8; P; (M) (3.37)
where we have defined:
§(A) = (VR2im AL —VE2i Im7AH) (3.38)
A A
0= (= oot i) 39)

One can now compute that

2Imr
k3

1
/ dA1dAydB1dBy(Vs(A, B))* W (A, B) = ds V2. (3.40)
0

Taking into account the Jacobian factor Im7|n|* for going from the wave-
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functional ¥(A(z)) to the wavefunction on harmonic 1-forms we finally get ©

2k1/2 A=
Ug(A) = ek [ATAD+ATAC g (20 8 Pig(A)).  (3.41)
nm
It is now straightforward to compute the representation of Wz(7, A) under
the action of the modular group. Specifically, the matrix elements of the T-
and S-transformations are given by

Tﬁﬂ/ = em(ﬁ’ﬁ)ég,ﬁ/ (3.42)
and
1 g o
Sﬁ,ﬁ’ = Ee—27rz(ﬁ,ﬁ) (343)

where 3, 3’ € A*/A = (Z/kZ)? inherits a quadratic form from the hyperbolic
inner product.

This is the same representation of SL(2,Z) as that studied in [28], and
for similar reasons. There is a natural action of the modular group on

the irrep of the discrete Heisenberg group which is a central extension of
HY(X;Z/kZ) x HY(X;Z/kZ).

3.7. Comment on a clash of terminology

The term “level k£ U(1) current algebra” is, regrettably, used in two very
different ways in the context of the theories discussed in this paper. In
[33,34] Kutasov and Seiberg, and Larsen and Martinec, use it to refer to
the structure of conformal weights h ~ p?/ k,h ~ P2 /k where (p,p) lie in
a (Narain) lattice of charges. Unfortunately, the same terminology is used
with a different meaning in a closely related context in rational conformal
field theory. In the latter setting “level k U(1) current algebra” is the chiral
algebra of the RCF'T one obtains for a Gaussian model on a rational square-
radius, as described near (2.37) above. One of our motivations in this paper
is to clarify the relation between the two uses of this term. We do this in
the present section.

Let us consider only the momentum coupling to AT, A7), Let us define
the left and right “charges” by:

ur = &(pL — PL),

" (3.44)
ug := &(pr + DR)

© Of course, we have made a choice of factorization of Im 7|n|*. Our choice was to take the positive
square root. This seems reasonable, and gives a nice representation of the modular group below,
but should be better justified. It is certainly necessary to match to the topological theory.
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where £ is a real normalization constant to be determined below.
The set of charges (3.44) forms a lattice in RY! defined by

A= {(UL;’LLR”’I?,,m,A?’i, m € Z} - RLI . (345)
This lattice is generated by integral combinations of 2 vectors:
1
e1=¢ Ra €0,
R (3.46)
A
fi=8—fo

where eg := (1;1), fo := (1; —1) generate the lattice v/2IT%'. Thus, e1 - f; =
2¢2/k, while €2 = f2 = 0. The charge lattice is e1Z @ f1Z. So choosing

k
=1/= 4
3 \ﬁ (3.47)
we obtain a self-dual lattice.

In terms of these charges we can write the conformal weights of the states
counted in (3.30) as:

1
hzi(P%‘FlA?QL)
2 AV (3.48)
:Z(pL‘f‘PL) +ﬂUL7
PR,
—2(10R+PR)
2 (3.49)

~ 1
= Z(PR _PR)2 + ﬂuﬁz-

Now, for fixed values of the “spectator charges” (pr, + pr;pr — Pr) We
recognize, after using (3.47) that the dependence of the conformal weight on
(ur;ur) is that of “level k U(1) current algebra.” Note especially that

1 - 1 ~ 1
~(pr —PL)* — 5(pr+PR)* = 5 (u] — uR)
4 4 4¢

~ (3.50)
7m2m2 . N

k k

where N can be any integer.

Remark. The purely topological quantization. In [10] Witten studied the
off-diagonal Chern—Simons theory for the case that £k = 1 and concluded
that the pure Chern—Simons theory is “trivial.” It is straightforward to
analyze the purely topological theory on D x R using the methods of [1,31,9].
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One finds a left and a right-moving boson, but, we stress, these are not the
left- and right-moving components of a single boson of well-defined discrete
periodicity. One can compute Ly — Lg in this approach and one finds Lo —
Lo = N/k. Without further input it is difficult to decide whether we should
allow all integers N, or whether one should project to N = 0 mod k. The
approach we are taking in this paper answers that question. We see that the
integer N in (3.50) can be any integer.

4. General massive abelian Chern—Simons theories

Both in the theory of the quantum hall effect [18,19,20,21,22,23,24] and in
AdS3 x 83 x T* one is naturally led to wonder about the extension of the
above remarks to a collection of abelian gauge fields A% o =1,...,d. We
take the action

1
/ ~53 Agh dA”  dAP 4 21 K (g A%d AP (4.1)

and the gauge fields are normalized so that F'® has integral periods. The
gauge group is U(1)?. The Euclidean version is e~*# with

1
/ 53 Agp dA® x dA® — 2miK g A“d AP . (4.2)

The coupling e? has dimensions of mass, while )\;ﬂl is a dimensionless positive
definite symmetric matrix. Without loss of generality we may assume it has
fixed determinant, say determinant one.

We will assume that K,g is nondegenerate. As we have seen above, by
adding total derivatives, we can assume that K,g is symmetric, and these
total derivatives do not affect the quantization of the theory. In order that
the action makes sense on arbitrary manifolds we must have

/ Kopc§id? € Z (4.3)
My

where c{ is a vector of integer cohomology classes on the four-manifold Mj.
Clearly Koo € Z. Using the example of S? x S? we see that Ko+ Kgo €7
for o # 3, and this is sufficient for well-definedness in general. f Thus, we
conclude that 2K,z is a nondegenerate, even, integral, symmetric matrix.
It can have any signature. This matrix defines an integral lattice which we
denote A. We will denote the integral lattice generated by —2K,g by A.

f By choosing a spin structure and only considering bounding manifolds compatible with the spin
structure we can allow theories with more general Chern—Simons couplings [35]. This involves
several new issues, and we will not investigate that case here.
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The matrix of Chern—Simons couplings /\a_é has inverse \*?. The topo-

logical limit is obtained by taking e? — co. Thus we expect both \*? and
K, to show up in constructing the wavefunctions for the topological Hilbert
space.

4.1. Quantization of the purely topological theory

The quantization of the pure Chern—Simons theory is completely straight-

forward and was in fact already analyzed to some extent in [9]. We have

€ijaB
2i

(A%, A)] = (4.4)

Choosing a real polarization on the torus we have wavefunctions W(A{).
Implementing the Gauss law for transformations in the o direction we find
the wavefunctions are supported on gauge potentials such that KagAf wy €
Z, that is, on points in A*. The Gauss law for transformations in the o'
direction shows that the wavefunction descends to A*/A. This leads to a
standard representation of a finite Heisenberg group, and is associated to a
representation of SL(2,Z) in a natural way.

4.2. Hamiltonian analysis and Gauss law

The conjugate momentum is
I, = IT}, + 27K go el A7 (4.5)

?Vhere I, = )\;[_ljgij \/5(8014]@ - ﬁjAg ) is the electric field. The Hamiltonian
is

_ 9ij  yap 170 177 11 e 3
H = —— AYILIL, + =X\ - F F 4.6
/X 2\/9 arp T g el *2 (4.6)

The classical Gauss law is
0TI, + 27K 30, A7 = 0. (4.7)

Implementing the quantum Gauss law one encounters a subtlety. Let w®
be a 1-form with integral periods. Define the operator

Ga(w?) := z/wf‘l‘[g + QWZwO‘KagAﬁ (4.8)
B
where there is no sum on a. One easily computes that

ega(wa)ega(aa) — ega(wa‘i‘&a)‘i‘zﬂ'ifKaawawa — 6ga(wa+aa) (49)
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since K4 is integral. Similarly, if o # 3 then

G 0™) (Ga(?) _ (Gl 4G5 ) —2mi [ Kagure? _ (Ga(w)oGaw®) | (4.10)

Since K3 € %Z, the operators €9 are simultaneously commuting and can
all be imposed as constraints. However, one cannot enforce the Gauss laws

9o @)+ g — g (4.11)

because they have a nontrivial cocycle in the group law. This is the origin
of the B-field (4.22) in the holographically dual theory.

Enforcing all the Gauss laws €9« = U for a = 1,...,d is equivalent to
the quantum Gauss law:

‘I’(Al—H,Ul, - Ad_|_wd):e—27‘rifEa<6Kagwawﬂe—27rifZaﬁKaﬁwaAﬁ\Ij(Al’ - Ad) ]
(4.12)

4.3. Landau levels

On the flat torus we have Hamiltonian

1 .4 0 o)
H= _/ A ﬂ<8A§‘ - 47rImTK7aAZ) <aAﬁ + 47 ImTKWAZ>

2ImT c
(4.13)

where we have chosen a normal ordering. On the plane a complete set of
functions for the lowest Landau level is generated by the wavefunctions

W, = exp [ — AT g A AS + T, A2 + vaAg‘} (4.14)

where U,, v, are independent complex vectors.
One finds that (4.14) is an eigenfunction of (4.13) if and only if

MK, Au] =0,
(An)? = (AK)?, (4.15)
(u+ K)\v=0, '
(bL—K)A\v=0

where for simplicity we have assumed that ji,4 is symmetric.

Now, for normalizable wavefunctions we want p,g to be positive her-
mitian. In this case, the last two equations in (4.15) involve projection
operators. Now, note that A/2K\Y/2 is a symmetric form and therefore can
be diagonalized by a real orthogonal matrix O:

AT 0
_\—1/2 try—1/2
K= O ( 0 _> O\ (4.16)
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where A% are diagonal matrices with A} > 0 and A;; < 0. We therefore
can solve our equations by letting

+
=120 (AO _2_) O A~12, (4.17)

Thus, p is positive definite. The energy eigenvalue with our normal ordering
is —8m >, AL

It is useful to introduce the vector space V = R? where A® is valued. We
can regard u, K € V*® V* while \, u~! € V ® V. Note that v = vy, 7 = Ta
are valued in V. The subscript ¢ means that we have complexified. Note
that 'Yy = 7K, is an operator I' : V' — V' and satisfies I'? = 1. Here
17 pyg = 0%. We define projection matrices

Py = %(1 + 4 'K) (4.18)

and accordingly we have subspaces Vi := PLV. With this choice Av € V_,
and Ao € V4. The following identities are useful. Since p is symmetric,
P!" are also projection matrices, and uPy = P . Moreover, (u~ 1K) =
A tK)A, so Pi" = A71PL ), and so we can also say that

tr
v P+ = 0,
" (4.19)
4.4. Averaged wavefunction
Now we can proceed as before with the average
Top = 3 Wy (A + w)e?™ oy [ K +2mi [ KasA” (4.20)
wCl

Expanding out we find the soliton sum of a theory of bosons ¢ € V, with
periodicity ¢ ~ ¢* + 1. The action is

S = 27T/dqb°‘ua5 s« dgP — iw/Bagwa A wP (4.21)
where B,3 = —Bg, is a B-field defined by
Baﬁ = Kaﬁ, a<f. (4.22)

The chiral coupling to the gauge fields is

—4ri / D¢ piop(P_ AN + dmi / D s (Py AV0)F . (4.23)
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Thus, only holomorphic currents valued in V_ couple to Az, while only
antiholomorphic currents valued in V. couple to A,. Similarly, the coupling
to v, in (4.20) is just:

exp [V Prw, + v P_wz] . (4.24)

We stressed above in the AB theory that ¢, ¢~ were not scalars with
definite periodicity. The generalization of this statement is that the gauge
group (or periodicity lattice for ¢) defines a lattice Z¢ C V. The subspaces
V4 in general do not contain any lattice vectors. Thus, the chiral scalars
P_¢r and Py ¢p in general do not form a single well-defined scalar. Indeed,
the lattice A in general has signature (r,,r_) with r, #r_.

4.5. Vector space of states on T?

One can quantize the theory of chiral bosons as before. The averaged wave-
function may be expressed in terms of a sum over an even unimodular Narain
lattice of signature (d,d). We endow the real vector space V & V with the
quadratic form:

(pL;PR) - (413 GR) = P Hapd] — PRiasds (4.25)
Note that there are now two totally independent projections in the game. We
have Py projecting onto subspaces of V' determined by the Chern—Simons
couplings A\, K. In addition we have the left- and right-moving projections of
Narain theory, related to the chirality of the bosons. The latter projections
are denoted by L, R. The embedding of II%¢ @R C V &V is accomplished
by the basis vectors:

1
o = E(WQ—,LﬂCBga;(Wa—i—,tﬂcBga), a=1,...,d;
(4.26)

1

— (Y =), a=1,...,d.

ﬁ(u 1)

In the above formulae we denote the components of the L, R projection by
the superscript . One easily checks that

fo=

eq €3 =0,
e =0, (4.27)
€a'fﬁ:5g

and hence integral combinations of these vectors define an embedding of the
even unimodular lattice I1%% into V @ V.
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Now, by examining (4.20) or by quantizing (4.21), (4.23) one finds that
only the projection of Az into V_ couples to py while only the projection
of A, into V4 couples to pr. Similarly, in the averaged wavefunction, the
projection of ¥ into Vi couples to py, while the projection of v into V_ couples
to pr. Thus we define two collections of d vectors:

Vo = \/§<(P)7a; (P+)7a> . a=1,....d;
(4.28)
Ty = \/§<(P+)'Va; (P_)Va) . a=1,....d.

The real span of the v, is a subspace of Vj, & Vi which we can denote
V_.1 ® V4 r while the real span of the v, is V 1 ® V_ g.
Moreover, one easily computes that

Vo Vg = —2K,g3,
Vo Ug=+4+2Kag, (4.29)
Vo Vg = 0

and hence integral combinations of v, generate a lattice A, while integral
combinations of 7,, generate a lattice A. Furthermore,

fﬁ'ya:56a7

B.p — 8

/7 =0, (4.30)
€a Vg = — aﬁ"i'Baﬁa

6a~§g:Ka,g+Ba5.

Since IT%? is unimodular, A and A are sublattices of the Narain lattice
generated by eq, f®. The lattice A @ A is of finite index in I7%?. We can
now uniquely decompose any Narain vector in terms of its projection into
A®R@®A®R. These projections consist of a vector in A plus a glue vector
in A*/A. To be specific, there exist a finite set of vectors 3 € A*, 3 € N
such that 3+ 8 € IT%% and such that we can write:

p =n%eq +maf* =par +0x (4.31)
where
1
pA = (0% — 5Ka»””(sﬁ)ya = ("vy + 0,
(4.32)

v —

o 1 _
pr=(C +§Ka555)§a:€ To+ 3.
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Here ¢, 7% are independent vectors of integers. Moreover, d, runs over a
finite set of integral vectors. Put differently, we can make a 1-1 transform
on the integers n®, mq in (4.31) in such a way that and we use a finite set
of vectors d, representing A*/A. To be specific, every vector of integers m,
can be uniquely written in terms of a vector of integers ¢ and the vectors
0o as

Mo = 2K a0’ + 6, . (4.33)

We may take § = —%Kaﬁéﬁya and = +%Kaﬁégﬁa. The mapping 3 — 3
should be viewed as an isomorphism of dual quotient groups A*/A — N /A.
Indeed, the Nikulin embedding theorem [26] describes the embedding of an
even integral lattice, such as A, into any even unimodular lattice, such as
I1%4 in terms of an isomorphism of dual quotient groups between A and its
complementary lattice A. Here we have made that isomorphism explicit.

Now, it turns out that the left- and right- projections to pr, pr are
compatible with the projections P+ onto the subspaces Vi . For example,
we have

Va,L " VB, L = 0 Va,R " VB,R = 0. (4.34)

Thus, we can split the sum over the Narain lattice 7% into a finite sum over
A*/A of factorized wavefunctions coupling only to A and v, T, respectively.
The averaged wavefunction can be written in terms of higher-level Siegel-
Narain theta functions as:

— @ Im 7%/2 —
\Ijvﬁ = 6727Tfua@A *Aﬁi Z @A<T707/8; P7§(A))@K(T7076a Pvg(v))
Vdetu BeAT/A

(4.35)
where

£(A) = —V8 (P_(z' Im7TAz); Py (i ImTAZ)> , (4.36)

60 = o (Pl =P i), (437)

As in the previous case, (4.35) only gives the wavefunctional of the gauge
fields up to a normalization constant. As before, a basis of wavefunctions
for the topological theory can be given in the form

o2 [ apAeAP OA(T,0,8; P;£(A))

e (4.38)

Vg
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where (ry,r_) is the signature of A. The representation of the modular
group is precisely analogous to what we had before:

Ty = e 2milre 1) /2 gim(B0) 5 o (4.39)

L 23 (4.40)

Sgp = ——
T IATA

where A*/A inherits a quadratic form defined by
q(8 mod A) := (3, 3) mod 2, (4.41)

where [ is any lift of 5 mod A to a vector in A*.

Remarks:

1. We can say precisely in what sense this is a generalization of the
chiral splitting of RCFT. The latter case corresponds to the case
where A and A are lattices of definite signature, hence A is purely
left-moving and A is purely right-moving. We would like to stress
that, despite the notation, ©A(7,---) is not holomorphic in 7 if A is
not of definite signature.

2. In [24] there are some related computations. However, these authors
assume that the edge state bosons have well-defined periodicity, and
hence are not describing the dual to the most general abelian Chern—
Simons theory.

4.6. Generalization to higher genus surfaces

The above computations generalize to higher genus surfaces X. Our wave-
functions are functions on the vector space of real harmonic one-forms on
X. We define coordinates by choosing a basis w* = w?dz of holomorphic
1-forms, while @w? is a basis of anti-holomorphic 1-forms, with a,a = 1,...h,
h is the genus of X.

Recall that the momentum is a vector-valued density, so

.9
I — @ d? =1.... 4.42
aaﬂ@dw, o oo, d ( )

is coordinate invariant. The Hamiltonian is

_ 9ij yoB T7i 7 42 | R, 8
H= AT I, d — A F 7. 4.43
/X 29 allp @G Aag I 42 (4.43)
Our phase space is the cotangent space T*I'(Q'(X)). Our strategy is to
restrict to the sub-phase space of the cotangent bundle to the space of real
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harmonic forms. We refer to this as the “small phase space” for brevity.
Just as on the torus, we can introduce complex coordinates so that

gijdo" @ do? = g,z(dz ® dZ + dZ ® dz) . (4.44)

Now, in restricting to the small phase space we take

h
A% = " (Afwidz + A2wldz) . (4.45)
a=1
Note that AZ = (A$)* are complex coordinates on phase space and are

z, z-independent. The symplectic form is
Q= / OITy N SA® . (4.46)
X

Restricting to the subspace (4.45) we define the conjugate coordinates on
phase space by

0L, = STI (7 ey o5

e (a7
5]:[04 = (SHO[(T )Ec W, .
Here we have introduced the period matrix
T = / w® A w® (4.48)
X
The symplectic form on the small phase space is
Q = oIl A JAY + cplx. conj. (4.49)
and this fixes the quantization:
.0 . .0

There is no misprint here. We have a minus sign on the RHS of both ex-
pressions.
Now we find

7 = — iw? (7 Yap o _ QWKgainEAg ,
DAY
5 i (4.51)
T2 — _ ;¢ (-—1\_ .__db A8
Ha - Wy (7_ )bc |:8A§¢ + QWKﬁaZT Ad:| '
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Finally we substitute into (4.43) with F' = 0. We get a (1,1) form, and the
integral over X is

1 0 - 0 5
_ B_—1 - b : d 46
H= 3 A T {(8 7 — 2miK 0T GAZ), <0 g + 2mK5/37'f Af> } .

(4.52)
Thus, we see that the above discussion easily generalizes to arbitrary

genus. Roughly speaking 7 becomes the period matrix, and we replace A —
A@ 7 ! while K - K ® .

5. Open problems and further questions

The present paper will appear somewhat trivial to many readers. While the
computations are elementary — after all we are discussing free field theory
— we think it is important to have a clear idea of the wavefunctions which
naturally come up in the study of holography of massive Chern—Simons
theory. To conclude, we discuss briefly some natural continuations of the
above results.

First, much of the structure of the rational Gaussian model can be un-
derstood in terms of the extended chiral algebra, where one extends the u(1)
chiral algebra generated by i0¢(z) by the operators e+iV2ké(2) | This defines
the “level k U(1) chiral algebra” in the sense of RCFT. The conformal blocks
of the RCFT are the holomorphic theta functions which are characters of
this chiral algebra. Is there an analogous nonholomorphic algebra in the
present case? A related question is to understand in detail how Wilson lines
piercing the cylinder/torus correspond to vertex operator insertions in the
boundary conformal field theory.

Second, there might be some interesting connections with the idea of inte-
grable structures in the AdS/CFT correspondence. In the above discussion
we have always assumed that p is irrational. However, when p is rational the
dual is an RCFT. By the correspondence there is an infinite set of “extra”
holomorphic conserved charges in the string dual on AdS3 x K7. It would
be worth seeing if this enhanced symmetry gives useful information on the
holographic correspondence and how, in detail, it leads to greater solvability
of the string theory.

A natural question one can ask is what the nonabelian generalization
of the AB-type theory might be. In fact, Kaluza-Klein reduction of six-
dimensional supergravity on AdSs x S3 yields a very interesting and subtle
generalization of SU(2) massive Chern—-Simons theory, which deserves to be
understood better than it is at present [36,37,38,39,40,41].
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The simple free field theory we are discussing might offer a useful labo-
ratory to explore some issues of holography. In the massive Chern—Simons
theory, which is not holographic, there is a many-to-one map from “interior
data” such as the choice of metric within the solid torus, or the presence
of local operators, to the coefficients ¢? of the wavefunction appearing in
(1.10). Some aspects of this map (such as the metric dependence) could in
principle be made quite explicit. When embedded in string theory the anal-
ogous Csiring in (1.14) is supposed to be a “1-1 map” between the internal
data and the data of the boundary conditions of all the string fields. Un-
derstanding this better, in the present context might be useful in addressing
the puzzles raised in the recent paper [42]. Let X3 = H?/T be the quotient
of hyperbolic 3-space by a quasi-Fuchsian group. Then there are Riemann
surfaces X, X’ at the two ends. The partition function of the massive abelian
Chern—Simons theory on this manifold has the “entangled” form:

Y T Us(A) T (A) (5.1)
B

where (ﬁﬁ/ depends on the details of what operators have been inserted in the
interior of the 3-manifold. According to our general conjecture, Cgfi/ng should
only depend on (arbitrary) boundary conditions on the two end surfaces
X,X'. AdS/CFT leads us to expect that it is an outer product of two
vectors. We see no a priori reason why this cannot be true, and we believe
this is the resolution of the puzzles described in [42].

It is quite natural to try to extend the discussion here to two higher
dimensional analog systems. The first natural generalization is to the
(Bns, Brr) system on spacetimes which are asymptotically hyperbolic and
have boundary X4 x S®, where X, is a 4-manifold. The analysis of the as-
sociated topological field theory was undertaken in [28]. In [28] the kinetic
terms were neglected, as is appropriate for the study of the representation of
SL(2,Z). However, we have seen that for finer questions involving natural
bases of wavefunctions one should retain the kinetic terms. A computa-
tion analogous to that above indeed produces the partition function of a
boundary theory of a U(1) gauge field coupling to a “chiral” combination
of (Bns, Brr). In this case, the “new” parameters, analogous to u above,
include the complex dilaton 7 of the type IIB string and the conformal class
of the metric on Xy. We expect that the full string theory partition function
gives an analog of the decomposition (1.14), where Csﬂtring is the partition
function of SU(N)/Zy SYM theory in different 't Hooft flux sectors, and
Zstring 1s the partition function of U(N) SYM theory.
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Finally, we hope that the method of this paper will help in understanding
better the pairing between the 5-brane partition function and the supergrav-
ity path integral for the C-field and that there will be a nice combination of
the results of [32] with the techniques of this paper.
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6. Appendix A: Siegel-Narain Theta functions

Let A be a lattice of signature (b4,b_). Let P be a decomposition of A ®@ R
as a sum of orthogonal subspaces of definite signature:

P:A®R=R0 | ROO-. (6.1)

Let Py(A) = A+ denote the projections onto the two factors. We also write
A= A; + A_. With our conventions P_()\)? < 0.

Let A+~ denote a translate of the lattice A. We define the Siegel-Narain
theta function

Onia(r 00 5 P.6) =exp [ (61— €2)]

x ) exp{iﬂ'T()\ + B)3 +inT(A + B)% + 2mi(A + 3,€) — 2mi(A + %ﬂ, a)}
AEA+~

=3 exp [2%(53 - fz)}

X Z exp{im-()\ + B)% +inT(A + B)2 + 2mi(A + 3,€) — 2mi(A + 3, a)}
AEA+y
(6.2)
where y = Im.
The main transformation law is:

Or(-1/7.0,5:P, £ + £) = | [1E (i) 2 0w (7.6, ~ai P
(6.3)
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where A’ is the dual lattice. If there is a characteristic vector, call it ws,
such that

(A A) = (A, wz) mod 2 (6.4)

for all A\ then we have in addition:

) 1
Oa(T+1,0,8; P, &) = e_”(ﬁ’wz)/Q@A(T,OK - B - §w27/8; Pg). (6.5)
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