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I review a particular class of physical applications of Logarithmic Conformal Field The-
ory in strings propagating in changing (not necessarily conformal) backgrounds, namely
D-brane recoil in flat or time dependent cosmological backgrounds. The role of re-
coil logarithmic vertex operators as non-conformal deformations requiring in some cases
Liouville dressing is pointed out. It is also argued that, although in the case of non-
supersymmetric recoil deformations the representation of target time as a Liouville zero
mode may lead to non-linear quantum mechanics for stringy defects, such non-linearities
disappear (or, at least, are strongly suppressed) after world-sheet supersymmetrization.
A possible link is therefore suggested between (world-sheet) supersymmetry and linearity
of quantum mechanics in this framework.
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1. Introduction

In this article, as a tribute to Ian Kogan, I would like to review some work
that I have done partly with him, in connection with some physical applica-
tions of Logarithmic Conformal Field Theory (LCFT) to strings propagat-
ing in changing backgrounds. Such a situation is encountered, for instance,
when a macroscopic number of closed strings hits a D-particle, embedded
in a d-dimensional space time, and forces the D-particle to recoil via an im-
pulse [1,2]. Equivalently, pairs of logarithmic operators may occur in some
(nearly conformal) cosmological backgrounds of string theory, such as late
times Robertson-Walker (RW) cosmology [3]. In the first case, the loga-
rithmic pair consists of the velocity and the position of the non-relativistic
recoiling brane defect, while in the second example it is the cosmic velocity
and acceleration that enter in a logarithmic fashion.

In the context of non-supersymmetric D-particle recoil an interesting sit-
uation arises. The target time dynamics of the recoiling defects can be
described in terms of the (irreversible) flow of a renormalization-group (RG)
scale on the world-sheet of the underlying o-model describing the stringy ex-
citations of the recoiling D-particle. This leads to non-linear terms in the as-
sociated “evolution equation” based on the identification of target time with
such a RG scale [4,5]. The latter is nothing other than the zero mode of the
associated Liouville o-model field required for restoration of the conformal
invariance, which was broken by the recoil/impulse (non marginal) deforma-
tions. Upon going to the supersymmetric case, however, which is realized via
appropriately supersymmetrized recoil operators, such non-linearities dis-
appear (or at least are strongly suppressed), and the associated evolution
dynamics for the D-particles is that of a linear Schrodinger-like quantum
mechanics. This may have some interesting implications in linking super-
symmetry (of some form) to linearity of quantum mechanics. The key result
in our analysis was that world-sheet leading ultraviolet (UV) divergences
in an appropriate Zamolodchikov metric of the recoil operators, which in
the non-supersymmetric (bosonic) string case lead to diffusion like terms in
the quantum evolution, and hence to non-linearities, cancel out in the super-
symmetric case, thereby leading to ordinary Schrodinger evolution under the
identification of the world-sheet RG scale with target time. This latter result
provides a highly non-trivial consistency check of the above identification,
at least in this specific context.

Logarithmic conformal field theories [6, 7] have been attracting a lot of
attention in recent years because of their diverse range of applications, from
condensed matter models of disorder [8,9] to applications involving grav-
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itational dressing of two-dimensional field theories [10], a general analysis
of target space symmetries in string theory [11], D-brane recoil [1,2], AdS
backgrounds in string theory and also M-theory [13], as well as PP-wave
backgrounds in string theory [14] (see [15] for reviews and more exhaustive
lists of references). They lie on the border between conformally invariant
and general renormalizable field theories in two dimensions. A logarithmic
conformal field theory is characterized by the property that its correlation
functions differ from the standard conformal field theoretic ones by terms
which contain logarithmic branch cuts. Nevertheless, it is a limiting case of
an ordinary conformal field theory which is still compatible with conformal
invariance and which can still be classified to a certain extent by means of
conformal data.

The current understanding of logarithmic conformal field theories lacks
the depth and generality that characterizes the conventional conformally in-
variant field theories. Most of the analyses so far pertain to specific models,
and usually to those involving free field realizations. Nevertheless, some
general properties of logarithmic conformal field theories are now very well
understood. For example, an important deviation from standard conformal
field theory is the non-diagonalizable spectrum of the Virasoro Hamiltonian
operator Lg, which connects vectors in a Jordan cell of a certain size. This
implies that the logarithmic operators of the theory, whose correlation func-
tions exhibit logarithmic scaling violations, come in pairs, and they appear
in the spectrum of a conformal field theory when two primary operators be-
come degenerate. It would be most desirable to develop methods that would
classify and analyze the origin of logarithmic singularities in these models in
as general a way as possible, and in particular beyond the free field prescrip-
tions. Some modest steps in this direction have been undertaken recently
using different approaches. For instance, an algebraic approach is advocated
in [16,17] and used to classify the logarithmic triplet theory as well as cer-
tain non-unitary, fractional level Wess-Zumino-Witten (WZW) models. The
characteristic features of logarithmic conformal field theories are described
within this setting in terms of the representation theory of the Virasoro alge-
bra. An alternative approach to the construction of logarithmic conformal
field theories starting from conformally invariant ones is proposed in [18].
In this setting, logarithmic behavior arises in extended models obtained by
appropriately deforming the fields, including the energy-momentum tensor,
in the chiral algebra of an ordinary conformal field theory.

From whatever point of view one wishes to look at logarithmic conformal
field theory, an important issue concerns the nature of the extensions of these
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models to include worldsheet supersymmetry. In many applications, most
notably in string theory, supersymmetry plays a crucial role in ensuring the
overall stability of the target space theory. A partial purpose of this review is
to analyze in some detail the general characteristics of the N' = 1 supersym-
metric extension of logarithmic conformal field theory. These models were
introduced in [19-21], where some features of the Neveu-Schwarz (NS) sec-
tor of the superconformal algebra were described. In Ref. [22] we extended
and elaborated on these studies, and further incorporated the Ramond (R)
sector of the theory. In addition to unveiling some general features of log-
arithmic superconformal field theories, in this article we shall also study in
some detail how these novel structures emerge in the super D-particle recoil
problem [22] and connect it with the above mentioned problem of the linear-
ity of the emerging quantum mechanics of D-particles upon the identification
of the Liouville mode with target time.

The structure of this article is as follows. In Section 2 we discuss the
propagation of strings in recoiling D-brane backgrounds embedded in both
flat and (late times) Robertson-Walker cosmological Conformal Field Theory
as a result of the D-brane recoil. Although our recoil formalism is general,
for definiteness we restrict ourselves to the case of D-particles (DO-branes).
An interesting consequence of the LCFT is the possibility of the identifica-
tion of target time with a world-sheet Renormalization Group (RG) scale
(Liouville zero mode). In Section 3 we review some consequences of this
identification in bosonic D-particles, in particular the emergence (due to re-
coil) of diffusion-like terms in the probability distribution for the position
of the D-particles, and hence non-linearities in the associated temporal evo-
lution of their wavefunctionals. In Section 4 we give a general description
of N=1 superconformal logarithmic algebras on the world sheet, which is
used in Section 5 to discuss the recoil/impulse problem of supersymmetric
D particles under their scattering from a (macroscopic) number of closed
string states. It is shown that, as a result of special properties of the world-
sheet supersymmetric algebras involved, the non-linearities of the bosonic
case, associated with diffusion like terms in the probability distribution, dis-
appear (or, at least, are strongly suppressed), thereby restoring the linear
quantum mechanical Schrodinger evolution of the recoiling super D-particle.
This provides a non-trivial consistency check of the réle of time as a Liouville
field in superstring theory. Our conclusions are presented in Section 6.
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2. Strings in Changing Backgrounds and Logarithmic
Conformal Field Theory

2.1. Logarithmic Conformal Field Theories

The Virasoro algebra of a two-dimensional conformal field theory is gen-
erated by the worldsheet energy-momentum tensor 7'(z) with the operator
product expansion

c/2 2 1
/2,

Z—w

BT (w) + ..., (2.1)

where c is the central charge of the theory, and an ellipsis always denotes
terms in the operator product expansion which are regular as z — w. For
a closed surface these relations are accompanied by their anti-holomorphic
counterparts, while for an open surface the coordinates z, w are real-valued
and parametrize the boundary of the worldsheet. In the following we will
be concerned with the latter case corresponding to open strings and so will
not write any formulas for the anti-holomorphic sector. We shall always set
the worldsheet infrared scale to unity to simplify the formulas which follow.

The simplest logarithmic conformal field theory is characterized by a pair
of operators C' and D which become degenerate and span a 2 x 2 Jordan cell
of the Virasoro operators. The two operators then form a logarithmic pair
and their operator product expansion with the energy-momentum tensor
involves a non-trivial mixing [6, 7]

T(2) Cw) = _Aw)z Clw) + ! —0u,C(w)
T(z) D(w) = e _Aw)2 D(w) E —1w)2 C(w) + p— OwD(w) + ... ,(2.2)

where A is the conformal dimension of the operators determined by the
leading logarithmic terms in the conformal blocks of the theory, and an
appropriate normalization of the D operator has been chosen. Because of
(2.2), a conformal transformation z — w(z) mixes the logarithmic pair as

A0

@-@ia. e
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from which it follows that their two-point functions are given by [6, 7]

<0@ﬂxm>:o,

(0 D)) = =t
<D@)D@0>:z;j%PZ(—%hmz—w)+d>, (2.4)

where the constant £ is fixed by the leading logarithmic divergence of the
conformal blocks of the theory and the integration constant d can be changed
by the field redefinition D — D + (const.) C. The vanishing of the CC' cor-
relator in (2.4) is equivalent to the absence of double or higher logarithmic
divergences. From these properties it is evident that the operator C' behaves
similarly to an ordinary primary field of scaling dimension A, while the prop-
erties of the D operator follow from the formal identification D = 9C/JA.

2.2. Impulse Operators for Moving D-Branes

The bosonic part of the vertex operator describing the motion of the super
D-brane is given by [1,2]

V= oxp (g [t w0 %) 93] )
>

= &P ( 27/

1
/mm@%ﬂqwﬂy (2.5)
0
where o is the string slope, 8, = 8/90®, and Y;(2°) = 6;; Y7 (2°) describes
the trajectory of the D0-brane as it moves in spacetime.

The recoil of a heavy D-brane due to the scattering of closed string states
may be described in an impulse approximation by inserting appropriate fac-
tors of the usual Heaviside function ©(z) into (2.5). This describes a non-
relativistic O-brane which begins moving at time z° = 0 from the initial
position y; with a constant velocity w;. The appropriate trajectory is given
by the operator [1]

Y;(2%) = y; Ce(2®) + u; D(2°) (2.6)
where we have introduced the operators

Co(2?) =/ €0.(2%) , Dc(z") =20, (2", (2.7)
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with ©.(z°) the regulated step function which is defined by the Fourier
integral transformation

O.(z°) = e (2.8)

211 w — 1€

This integral representation is needed to make the Heaviside function well-
defined as an operator. In the limit € — 07, it reduces via the residue theorem
to the usual step function. The operator C,(z°) is required in (2.6) by scale
invariance. Note that the center of mass coordinate y; appears with a factor
of € — 07, so that the first operator in (2.6) represents a small uncertainty
in the initial position of the D-brane induced by stringy effects [1]. The pair
of fields (2.7) are interpreted as functions of the coordinate z on the upper
complex half-plane, which is identified with the boundary variable 7 in (2.5).
This interpretation is possible because the boundary vertex operator (2.5)
is a total derivative and so can be thought of as a bulk deformation of the
underlying free bosonic conformal o-model on ¥ (in the conformal gauge).
The impulse operator (2.5,2.6) then describes the appropriate change of state
of the D-brane background because it has non-vanishing matrix elements
between different string states. It can be thought of as generating the action
of the Poincaré group on the O-brane, with y; parametrizing translations and
u; parametrizing boosts in the transverse directions.

By using the representation (2.8) and the fact that the tachyon vertex
operator e ™% has conformal dimension o/w?/2, it can be shown [1] that
the operators (2.7) form a degenerate pair which generate a logarithmic
conformal algebra (2.2) with conformal dimension A = A., where

Ao=-2 (2.9)

The total dimension of the impulse operator (2.5,2.6) is he = 1 + A, and
so for € # 0 it describes a relevant deformation of the underlying worldsheet
conformal o-model. The existence of such a deformation implies that the
resulting string theory is slightly non-critical and leads to the change of state
of the D-brane background.

The two-point functions of the operators (2.7) can be computed explicitly
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4V eInA | 2 272

<CE(2) Ce(w)> _ 1 (o)? [ﬁ 1Fy (1 L. 46?0/ In(z — w)>

— 24/ In(z —w) | F <1, 3:4¢%a/ In(z — w))} ,

<Cﬁ(z) De(w)> - 47:63 V 20/11111\ [g 1 (é’ 34l In(z - w))

+ 1—36 (620/ In(z — w))3/2 1B (2= 2:4€%d/ In(z — w))} )

1
<D6(z) De(w)> = oo <C’€(z) De(w)> , (2.10)
where A — 0 is the worldsheet ultraviolet cutoff which arises from the short-
distance propagator

Zlglzlu <x0(z) xo(w)> =—2a'InA . (2.11)
Here we have used the standard bulk Green’s function in the upper half-
plane, as the effects of worldsheet boundaries will not be relevant for the
ensuing analysis.* This is again justified by the bulk form of the vertex
operator (2.5), and indeed it can be shown that using the full expression
for the propagator on the disc does not alter any results [2]. It is then
straightforward to see [1] that in the correlated limit e, A — 0, with

1 /
o= —2a/InA (2.12)
the correlators (2.10) reduce at order €? to the canonical two-point corre-
lation functions (2.4) of the logarithmic conformal algebra, with conformal
dimension (2.9) and the normalization constants

32 o/ 3/2

= =de = —5 . 2.1
g= "5, d=d.= (2.13)

Note that the singular behavior of the constant d. in (2.13) is not harmful,
because it can be removed by considering instead the connected correlation
functions of the theory [1].

a Boundary effects in logarithmic conformal field theories have been analyzed in [2,12].
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2.3. Target Space Formalism
Let us now describe the target space properties of the logarithmic (su-
per)conformal algebra that we have derived. A worldsheet finite-size scaling

A N =AWV (2.14)

induces from (2.12) a transformation of the target space regularization pa-
rameter,

e — =e+EltVa +0() . (2.15)

By using (2.13) and the ensuing scale dependence of the correlation functions
(2.4) we may then infer the transformation rules
t

Ve

to order €2. It follows that, in order to maintain conformal invariance, the o-
model coupling constants in (5.25) must transform as y; — y; + (t/Va' ) u;,
u; +— u;, and thus a worldsheet scale transformation leads to a Galilean

Co=Ce, Dg=D,— C. (2.16)

boost of the D-brane in target space. This provides a non-trivial indication
that a world-sheet RG scale can be identified with the target time. In fact
we shall discuss important consequences of this in section 3.

2.4. Recoiling D-particles in Robertson- Walker backgrounds

Above we discussed recoil in flat target space times. Placing D-branes in
curved space times is not understood well at present. The main problem
originates from the lack of knowledge of the complete dynamics of such
solitonic objects. One would hope that such a knowledge would allow a
proper study of the back reaction of such objects onto the surrounding space
time geometry (distortion), and eventually a consistent discussion of their
dynamics in curved spacetimes. Some modest steps towards an incorporation
of curved space time effects in D-brane dynamics have been taken in the
recent literature from a number of authors [24]. These works are dealing
directly with world volume effects of D-branes and in some cases string
dualities are used in order to discuss the effects of space time curvature.

A different approach has been adopted in [11], [2], [1], [25], in which
we have attempted to approach some aspects of the problem from a world
sheet view point, which is probably suitable for a study of the effects of the
(string) excitations of the heavy brane. We have concentrated mainly on
heavy D-particles, embedded in a flat target background space time. We
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have discussed the instantaneous action (impulse) of a ‘force’ on a heavy D-
particle. The impulse may be viewed either as a consequence of ‘trapping’
of a macroscopic number of closed string states on the defect, and their
eventual splitting into pairs of open strings, or, in a different context, as the
result of a more general phenomenon associated with the sudden appearance
of such defects. Our world sheet approach is a valid approximation only if
one looks at times long after the event. Such impulse approximations usually
characterize classical phenomena. In our picture we view the whole process
as a semi-classical phenomenon, due to the fact that the process involves
open string recoil excitations of the heavy D-particle, which are quantum in
nature. It is this point of view that we shall adopt in the present article.

Such an approach should be distinguished from the problem of studying
single-string scattering of a D-particle with closed string states in flat space
times [26]. We have shown in [11], [2], [25] that for a D-particle embedded in a
d-dimensional flat Minkowski space time such an impulse action is described
by a world-sheet o-model deformed by appropriate ‘recoil’ operators, which
obey a logarithmic conformal algebra [7]. The appearance of such algebras,
which lie on the border line between conformal field theories and general
renormalizable field theories in the two-dimensional world sheet, but can still
be classified by conformal data, is associated with the fact that an impulse
action (recoil) describes a change of the string/D-particle background, and as
such it cannot be described by conformal symmetry all along. The transition
between the two asymptotic states of the system before and (long) after
the event is precisely described by deforming the associated o-model by
operators which spoil the conformal symmetry.

In this section we shall extend [3] the flat space time results of [11],
[1], [25], reviewed above, to the physically relevant case of a Robertson-
Walker (RW) cosmological background space time. As is well known in
string o-model perturbation theory, Robertson-Walker space times are not
solutions of the conformal invariance conditions of the g-model, in the sense
of having o-model B-function different from zero. This would affect in general
the two point correlator (c.f. below) (X#(2)X"”(w)) which is modified from
the standard G* In |z — w|? form by the inclusion of 3#”-dependent terms.
Nevertheless, in the particular case of (large) cosmological times which we
are interested in here and describe well the present era of the Universe,
such terms are subleading, given that 8" oc R*Y ~ 1/t?, and thus can be
safely neglected. In this sense, discussing recoil in such (almost conformal)
backgrounds is a physically interesting and non-trivial exercise in conformal
field theory, which we would like to pursue here.
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Although, our results do not depend on the target space dimension, for
definiteness we shall concentrate on the case of a D-particle embedded in
a four-dimensional RW spacetime. It must be stressed that we shall not
attempt here to present a complete discussion of the associated space time
curvature effects, which - as mentioned earlier - is a very difficult task, still
unresolved. Nevertheless, by concentrating on times much larger than the
moment of impulse on the D-particle defect, one may ignore such effects
to a satisfactory approximation. As we shall see, our analysis produces
results which look reasonable and are of sufficient interest to initiate further
research.

The vertex operators which describe the impulse in curved RW back-
grounds obey a suitably extended (higher-order) logarithmic algebra. The
algebra is valid at, and in the neighborhood of, a non-trivial infrared fixed
point of the world-sheet Renormalization Group. For a RW spacetime with
scale factor of the form tP, where t is the target time, and p > 1 in the
horizon case, the algebra is actually a set of logarithmic algebras up to order
[2p], which are classified by the appropriate higher-order Jordan blocks [6,7].

As in the flat case, which is obtained as a special limit of this more
general case, the recoil deformations are relevant operators from a world-
sheet Renormalization-Group viewpoint. One distinguishes two cases. In
the first, the initial RW spacetime does not possess cosmological horizons.
In this case it is shown that the limit to the conformal world-sheet non-trivial
(infrared) fixed point can be taken smoothly without problems and one has
a standard logarithmic algebra. On the other hand, in the case where the
initial spacetime has cosmological horizons, such a limit is plagued by world-
sheet divergences. These should be carefully subtracted in order to allow for
a smooth approach to the fixed point, leading to higher-order logarithmic
algebras. We find this an interesting result which requires further study. The
presentation below follows that in [3], where we refer the reader for more
details.

2.4.1. Geodesic paths and recoil

Let us consider a D-particle, located (for convenience) at the origin of the
spatial coordinates of a four-dimensional space time, which at a time tg
experiences an impulse. In a o-model framework, the trajectory of the D-
particle y*(t), i a spatial index, is described by inserting the following vertex
operator

V = / Gijyj(t)anXi (2.17)
(o))



September 2, 2004 9:45 WSPC/Trim Size: 9.75in x 6.5in for Proceedings mavromatos

LCFT and Strings 1269

where G;; denotes the spatial components of the metric, 9% denotes the
world-sheet boundary, 0,, is a normal world-sheet derivative, X are o-model
fields obeying Dirichlet boundary conditions on the world sheet, and ¢ is a
o-model field obeying Neumann boundary conditions on the world sheet,
whose zero mode is the target time.

This is the basic vertex deformation which we assume to describe the
motion of a D-particle in a curved geometry to leading order at least, where
spacetime back reaction and curvature effects are assumed weak. Such ver-
tex deformations may be viewed as a generalization of the flat target-space
case [31].

Perhaps a formally more desirable approach towards the construction of
the complete vertex operator would be to start from a T-dual (Neumann)
picture, where the deformation (2.17) should correspond to a proper Wil-
son loop operator of an appropriate gauge vector field. Such loop operators
are by construction independent of the background geometry. One can then
pass onto the Dirichlet picture by a T-duality transformation viewed as a
canonical transformation from a o-model viewpoint [32]. In principle, such a
procedure would yield a complete form of the vertex operator in the Dirichlet
picture, describing the path of a D-particle in a curved geometry. Unfortu-
nately, such a procedure is not free from ambiguities at a quantum level [32],
which are still unresolved for general curved backgrounds. Therefore, for our
purposes here, we shall consider the problem of writing a complete form for
the operator (2.17) in a RW spacetime background in the Dirichlet picture
as an open issue. Nevertheless, for RW backgrounds at large times, ignoring
curvature effects proves to be a satisfactory approximation, and in such a
case one may consider the vertex operator (2.17) as a sufficient description
for the physical vertex operator of a D-particle. As we shall show below,
the results of such analyses appear reasonable and interesting enough to
encourage further studies along this direction.

For times long after the event, the trajectory y*(¢) will be that of free
motion in the curved space time under consideration. In the flat space time
case, this trajectory was a straight line [1,2,31], and in the more general
case here it will be simply the associated geodesic. Let us now determine its
form, which will be essential in what follows.

The space time assumes the form

ds? = —dt* + a(t)*(dX")?, (2.18)

where a(t) is the RW scale factor. We shall work with expanding RW space
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times with scale factors
a(t) = apt?, pERT. (2.19)
The geodesic equations in this case read
E+pt?1(y')? =0,
ij+2§(y'i)7f20, (2.20)

where the dot denotes differentiation with respect to the proper time 7 of
the D-particle.

With initial conditions 3*(tg) = 0, and dy*/dt(tg) = v', one easily finds
that, for long times ¢ > ty after the event, the solution acquires the form

Yi) = o (7 1) + O (), t> 10 (2.21)
— <P

To leading order in ¢, therefore, the appropriate vertex operator (2.17), de-

scribing the recoil of the D-particle, is

i

v 2 2 i
V = (12 Ot —t <tt P _ tot? anX s 2.22

where O(t — tp) is the Heaviside step function, expressing an instantaneous
action (impulse) on the D-particle at t =t [1,25]. As we shall see later on,
such deformed o-models may be viewed as providing rather generic math-
ematical prototypes for models involving phase transitions at early stages
of the Universe, leading effectively to time-varying speed of light. In the
context of the present work, therefore, we shall be rather vague as far as the
precise physical significance of the operator (2.22) is concerned, and merely
exploit the consequences of such deformations for the expansion of the RW
spacetime after time tg, from both a mathematical and physical viewpoint.

In [1], we have studied the case p = 0, ag = 1, where the operators
assumed the form tO.(t) to leading order in t, where O(t) is the regulated
form of the step function, given by [1],

TOdw 1
@E:—i/ — et e— 0T . (2.23)
oo 2T w — i€

As discussed in that reference, this operator forms a logarithmic pair [7]
with €©(t), expressing physically fluctuations in the initial position of the
D-particle.

In the current case, one may expand the integrand of (2.22) in a Taylor
series in powers of (¢t —t(), which implies the presence of a series of operators,
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Figure 1. Contour of integration in the complex plane to define the recoil operators D(? by
proper treatment of the associated cuts.

of the form (t — t)?©.(t — tg), where ¢ takes on the values 2p,2p — 1,...,
i.e. it is not an integer in general. In a direct generalization of the Fourier
integral representation (2.23), we write

. +oo 1 ) .
DD = p;(t — t)?O(t — t0)0n X' = v; N, g X1
v; ( 0)710(t — t9)0. v; Ny . dw & i e 0 ,
_ i _ (=9)"'(g+1)
N, = i) o : (2.24)

where we have incorporated the velocity coupling v; in the definition of the
o-model deformation, and we have defined the integral along the contour of
figure 1, having chosen the cut to be from +ie to +ico.

2.4.2. Extended logarithmic world-sheet algebra of recoil in RW
backgrounds

Following the flat space time analysis of [1], we now proceed to discuss the
conformal structure of the recoil operators in RW backgrounds. We shall
do so by acting on the operator D@ (2.24) with the world-sheet energy
momentum tensor operator T,, = T (in a standard notation). Due to the
form of the background space time (2.18), the stress tensor 7' assumes the
form

2T = —(0t) + a®(t)(0X")?, (2.25)
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where, from now on, 9 = 0., unless otherwise stated. One can then obtain
the relevant operator-product expansions (OPE) of T' with the operators
D) For convenience in what follows we shall consider the action of each of
the two terms in (2.25) on the operators D(9) separately. For the first (time
t-dependent part), one has, as z — w,

_1 2. pla) — Vi /+OO w2/2 iw t(w) i
5 (0t(2))* - D'V(w) = G w)? N, . dw @i e On X
1 € _ q(g—1) (o
= ———— |-=D9 4 gDl L pla=2) | 2.2
<z—w>2[ g AP T (2.26)

The above formule were derived for asymptotically large time ¢, assuming
the two-point correlators

(XP(2) XY (w)) = 2G" In |z —w[> + -+ | (2.27)

where the --- denote terms with negative powers of ¢, related to space-time
curvature, which are subleading in the limit ¢ — oc.

At this point, we stress again that Robertson-Walker space times are not
solutions of the conformal invariance conditions of the o-model, having (-
functions different from zero. Non-zero § functions affect in general the two
point correlators (2.27) by ##-dependent terms.However, in the particular
case of (large) cosmological times, which describe well the present era of the
Universe we are interested in here, such terms are subleading, given that
BH o< R* ~ 1/t2, and thus can be safely neglected in the limit ¢ — oo.

For the spatial part of (2.25) we consider
the OPE a(t(2))?(0X"(2))?*D9(w) as z — w. Again, for convenience we
shall do the time and space contractions separately,

t2(2) . D) (w) = /dw{)(q) (W)t (2) - piw(t(w)—to)

o0 dV _1_2p/ ~( _ ; _
= v dwDD (w)e V1) . giwt(w)—to) (9 98
| 755 (@) (2.28)

Using the OPE e—l/t(z) . e—iw(t(w)—to) ~ |Z _ w’il/we—ut(z)—iw(t(z)—tg)+O(z—w)
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one obtains (as z ~ w)

()% - DD (w) = /0 dvl(—=2p) v 172 VDA (t — g — vin |z — w|)

* dv v
= %P / v e DDt — g — Zln|z —w 2.29
Ty (t—to — < n]z - w]) (2:29)
1 I'(1—2p)d _
=t DD (t —t)) — —In|z — w|——2—DD(t — ¢ t—1t9)972] .
D = t0) — ine — ul ) EPO (- 1) + Ol — 1)
We now observe that d%icn = ¢DY_e D@ where both terms have vacuum

expectation values of the same order in ¢, as we shall see below, and hence
both should be kept in our perturbative expansion.
Expanding the various terms around tg,

t2
£ = (t—to)" + s tolt — o) + S (s)(s = D)t — )" + O(Ft — t]"™7),
one has

P (2) - DD (w) = DPPFD(t —t0) + (2p to — 2p € In|z —w|) DI
2
+ (50 2p(2p — 1) +[2pg + (2p — 4p®)e to]In |z — w|> DEPHI=2) (¢t — 1)

+ O ([t — to]PT773) | (2.30)

where it is worth mentioning that inside the subleading terms there are
higher logarithms of the form In" |z — w|, where n = 2,3,4,....

We now come to the OPE between the spatial parts. In view of (2.27),
upon expressing 0, in normal J,, and tangential parts, and imposing Dirichlet
boundary conditions on the world-sheet boundary where the operators live
on, we observe that such operator products take the form

1 , t—2r

(0X7(2))-0, X" (w) ~ G" 5O0n X" ~ mﬁnXi, (no sum over 7).

(2.31)
Performing the last contraction with ¢~2P, following the previous general

(z —w)
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formule and collecting appropriate terms, one obtains

2

7(:) - D[~ t0)w)] = 25DVt ~ to)w)]
q(g=1) 2 2,212
qe =115t (a0 L= —2p°In |z — w| — 2p°e” In” |z — w|
+(Z—U))2D [(t to)( )]+ (z—w)2
D[t — to) ()] + O(ft — to]??) (2.32)

where again inside the subleading terms there are higher logarithms.

We next notice that, as a consistency check of the formalism, one can
calculate the OPE (2.32) in the case of matrix elements between on-shell
physical states. In the context of the o-models that we are working with, the
physical state condition implies the constraint of the vanishing of the world-
sheet stress-energy tensor 27 = —(9t)% + a(t)?(0X")? = 0. This condition
allows (0X%)? to be expressed in terms of (9t)2, which is consistent even at
a correlation function level in the case of very target times t > tg, since
in that case, the correlator (X‘t) is subleading, as mentioned previously.
Implementing this, it can be then seen that the OPE between the spatial
parts of T and D@ is

a®(t)(0x%)% . D@

=72 (t)? - {D(2p+q) (t — to) + (2pto — 2peln |z — w|) DEPFI—Y

2
+ <50 2p(2p — 1) + [2pg + (2p — 4p°) eto] In|z — w|> DEPHa=2) (1 — ¢y)

+0O ([t — to]?T17?) } (2.33)
Performing the appropriate contractions, and adding to this result the OPE
of the temporal part of T with D@, i.e. the quantity —%D(q) + gDl 4
%q(q — 1)D(q_2), we obtain

T DD |gn_gnen = (—2296 — pto€e” + pe’In <%>) Dl
a a
+ {t3622p(2p +1) = 3e%p(2p + ¢) In (E) — 26 (p +p2) toln <E>

a
— 2p%et In? <Z> +€(2p + q)2pty — (4]92 + 4pq — 2p) }D(q_Q)

+O ([t —t)17?) . (2.34)
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From the above we observe that the on-shell operators become marginal as
they should, given that an on-shell theory ought to be conformal. Moreover,
and more important, the world-sheet divergences disappear upon imposing
the condition

I\ 2
e ln <—> = &y = constant independent of €, a, L, (2.35)
a

where L (a) is the world-sheet (ultraviolet) infrared cut-off on the world
sheet. As we shall discuss later on, this condition will be of importance for
the closure of the logarithmic algebra which characterizes the fixed point [1].
Hence, conformal invariance is preserved by the on-shell states, any deviation
from it being associated with off-shell states.

We next notice that, in the context of the RW metric (2.18), there are
two cases of expanding universes, one corresponding to 0 < p < 1, and the
other to p > 1. Whenever p < 1 (which notably incorporates the cases of
both radiation and matter dominated Universes) there is no horizon, given
that the latter is given by

5 o dt’
() = a(t) /t i (2.36)
In this case the relevant value for ¢ is ¢ = 2p < 2. On the other hand, for the
case p > 1, i.e. ¢ > 2 there is a non-trivial cosmological horizon, which as we
shall see requires special treatment from a conformal symmetry viewpoint.
We commence with the no-horizon case, 1 < ¢ < 2. We first notice that
the term linear in ¢ in (2.22) leads to the conventional logarithmic algebra,
discussed in [1], corresponding to a pair of impulse (‘recoil’) operators C, D.
The main point of our discussion below is a study of the ¢?P terms in (2.22),
and their connection to other logarithmic algebras. Indeed, we observe that a
logarithmic algebra [1,7,11] can be obtained for these terms of the operators,
if we define D = D@ and C = ¢eP~Y. In this case the OPEs with T are

62

(z—w)>T-D= (1—5>D+c,

E2
(z—w)>T-C= (1 — 5) C+O([t—to]?), (2.37)

where throughout this work we ignore terms with negative powers in t — tg
(e.g. of order ¢ — 2 and higher), for large t > t;. Notice that in the case
g <1 (i.e. p < 1/2) the C operator defined above is absent.

In the second case p > 1 one faces the problem of cosmological horizons
(cf. (2.36)), which recently has attracted considerable attention in view of
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the impossibility of defining a consistent scattering S-matrix for asymptotic
states [29,30]. In this case the operator D=2 is not subleading and one
has an extended (higher-order) logarithmic algebra defined by (2.32). It is
interesting to remark that now the logarithmic world-sheet terms in the
coefficient of the D=2 operator imply that the limit z — w is plagued
by ultraviolet world-sheet divergences, and hence the world-sheet conformal
invariance is spoiled. This necessitates Liouville dressing, in order to restore
the conformal symmetry [27]. Such a dressing implies the presence of an
extra space-time dimension given by the Liouville mode. The signature
depends on the signature of the central charge deficit. We shall not deal
with this procedure further in this article, the reason being that the RW
background is itself not conformal.

We now turn to a study of the correlators of the various D@ operators,
which will complete the study of the associated logarithmic algebras, in anal-
ogy with the flat target-space case of [1]. From the algebra (2.32) we observe
that we need to evaluate correlators between D@ D@ n =0,1,2,... We
shall evaluate correlators (...) with respect to the free world-sheet action,
since we work to leading order in the (weak) coupling v;. For convenience
below we shall restrict ourselves only to the time-dependent part of the op-
erators D. The incorporation of the 9, X" is trivial, and will be implied in
what follows. With these in mind one has

+oo dwdw e~ iwt(2) e—iw’t(w)>

DD ) = NN, [ [ 2y

where € — 07. As already mentioned, we work to leading order in time ¢ >

00, and hence we can we apply the formula (2.27) for two-point correlators
of the X* fields to write P

(e—iwt(2) miwtw)y _ =55 (= 2)H(2))— 222 (b))’ (1))

_ e—(w+w’)21n(L/a)2+2ww’ In(|z—w|/a)? 7 (239)

where we took into account that Lim, ., (t(2)t(w)) = —2In(a/L)?. Given
that In(L/a) is very large, one can approximate

el P/ o VT4 ).

In(L/a)?

b Here we use simplified propagators on the boundary, with the latter represented by a straight
line; this means that the arguments of the logarithms are real [1]. To be precise, one should use
the full expression for the propagator on the disc, along the lines of [2]. As shown there, and can
be checked here as well, the results are unaffected.
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Thus we obtain

<D(‘1)( )p(q n)( ) = (=1)"9tn- 1y N njq

20 dwe " Mw + ie)"
(9)
7@ = |7 / e Lt (2.40)
where A\ = 2In(|z — w|/a)?, and a = In(L/a)?.

Below, for definiteness, we shall be interested in the case 2 < ¢ < 3, in
which the relevant correlators are given by n = 0,1,2. One has

j(](q) — \/ge—2q—1fq (62)\) ,
(i 1
fq(§) = ﬁLJrs)F (%% - q;f) + &2H9T <—% - q> F <1 +q,g +q;€> ,

jl(q) — ’LEjo(q) ,

_ 0
T = 2270 + 77 = -5 - 257 (241)

where F(a,b;z) = 1+ 54 + ?)EZIII))% + --- is the degenerate (confluent)

hypergeometric function. Thus, the form of the algebra away from the fixed
point (‘off-shell form’), i.e. for €2 # 0, is

00e000) = 2, [T (e () + 2130260 (%)q_lln (17])+

ragpee) (2) e (12 so ),

eq(D' ()P 1(0)) =

_ Nz\/?(ngo) <§ )q_l +2£1(20) <§—O>q_2 In (‘%D ) (oﬂ—3)> 7
22Dl ()pla-1)( szfq 1(2&) < > 2—0—(9(0/1—3)’

q—2
2q(q — 1)(D ()P (0)) = _qu\/f (F,(260) + F1(260) (3)

o o
+0 (oﬂ_?’) ,
(g — 1)(DY "V (2)DU2(0)) = O (a?7?) |

'¢*(¢ = (D2 (2)DP(0) = O (") (2.42)
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where N, = F(;rq), and & has been defined in (2.35).

Notice that the above algebra is plagued by world-sheet ultraviolet diver-
gences as €2 — 0T, thereby making the approach to the fixed (conformal)
point subtle. As becomes obvious from (2.35), the non-trivial fixed point
e — 07 corresponds to L/a — +oo, i.e. it is an infrared world-sheet fixed
point. In order to understand the approach to the infrared fixed point, it is

important to make a few remarks first, motivated by physical considerations.

From the integral expression of the regularized Heaviside function [1]
(2.23) it becomes obvious that a scale 1/e for the target time is introduced.
This, together with the fact that the scale € is connected (2.35) to the world
renormalization-group scales L/a, implies naturally the introduction of a
‘renormalized’ o-model coupling/velocity vg;(1/€) at the scale 1/e where

UR,i (%) ~ <%>q—1 (2.43)

for a trajectory y;(t) ~ t9. This normalization would imply the following
rescaling of the operators

pla—) _, ¢a=ipla—n) (2.44)

As a consequence, the factors e20-9 in (2.41), (2.42) are removed. In the
context of the world-sheet field theory this renormalization can be inter-
preted as a subtraction of the ultraviolet divergences by the addition of
appropriate counterterms in the ¢ model.

The approach to the infrared fixed point € — 0T can now be made by

looking at the connected two point correlators between the operators D@
defined by

(AB)c = (AB) — (A)(B) , (2.45)

where the one-point functions are given by

dw , dw
DY = N, [ ———— (™) = N, | — —w
(D) /(w—ie)5+1 {e™) /(w—i6)8+16
/
T

s/2 dT s 3 2m 1+s 1
hs = | 59~ F(1 PRI - F P .
(@) 2 <r(%)\/7_T ( 203 v) T(1+3) ( 2’2 )

For the two-point function of the D@ operator the result is

(DD (2)DD(0)), = Nye2 <g f, (250 +2¢21n ‘%D - hg(go)> . (247)
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Expanding in powers of €, we obtain

o o (VT 2
(D (2)D'D(0)), = Nye <ﬁfq(2£o) - hq(&])) (2.48)
~ 2 ~ w1 zZ |2
N2 YT priog)o1 2|+ +eN2 [ 22 fr260)am? | £
+ q \/é.—o fq( 50) n I + +e€ q é.02.](.11( 50) n L
where - -- denote terms that vanish as e — 0.
To avoid the divergences coming from the €2 factors, it is a condition
that there must be a solution &y = £y(q) of the equation

+...7

VT
Ve

The existence of such a solution can be verified numerically (see figure 2).
Analytically this can be confirmed by looking at the asymptotic behavior of
the function H(x) as * — oo, which yields a negative value,

H(é0) = ~=fo(260) — hi(€0) = 0.

7.‘.31.2qe23v
2(14+q\2 q <0
254121+ %)

H(z — 00) ~ —

This behavior comes entirely from the term h?l(ﬂv), given that
fqolx — o0) — 0T,

@
EO

14_ |

12_ |

10—

Figure 2. Graph of the solution of the equation %fq (2¢0) — hg () =0.

As we shall show below, for various values of ¢, near the fixed point
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€ — 0T, one can construct higher order logarithmic algebras, whose highest
power is determined by the dominant terms in the operator algebra of corre-
lators (2.42), (2.37). To this end, we first remark that in the above analysis
we have dealt with a small but otherwise arbitrary parameter e, which al-
lows us to keep as many powers as required by (2.42) in conjunction with
the value of ¢. The value of € determines the distance from the fixed point.

For 1 < g < 2, there are only two dominant operators as the time ¢ — oo,
D,C. In this case one obtains a conventional logarithmic conformal algebra
of two-point functions near the fixed point with

(DD (2)D(0) D), = (D(2)D(0))e ~ N2YL /(2€,)21n ‘3‘2
Q\/S_O q L ’

eg(DOD (2D (0)). = (C()D(O0)) ~ N2 (3(E0) — hg1hy(&0)) - (2:49)

and all the other correlators are subleading as ¢t — oo.

Therefore, the on shell algebra is of the conventional logarithmic form [7],
between a pair of operators, and hence D=2 and subsequent operators,
which owe their existence to the non-trivial RW metric, do not modify the
two-point correlators of the standard logarithmic algebra of ‘recoil’ (im-
pulse) [1].€

Next, we consider the case where 2 < ¢ < 3. In this case, from (2.42)
we observe that there are now three operators which dominate in the limit
t — 00, D, C and B = €2 g (g—1)D~2), whose form is implied from (2.37), in
analogy with C. The corresponding algebra of correlators consists of parts
forming a conventional logarithmic algebra, and parts forming a second-
order logarithmic algebra, the latter being obtained from terms of order €2
in the appropriate two-point connected correlators (cf. (2.48) etc.), which

© We note at this stage that, in our case of non-trivial cosmological RW spacetimes, the pairs of
operators D,C do not represent velocity and position as in the flat space time case of Ref. [1],
but rather velocity and acceleration. This implies that, under a finite-size scaling of the world
sheet, the induced transformations of these operators do not form a representation of the Galilean
transformations of the flat-space-time case.
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are denoted by a superscript (- - (2)'

(D(2)D(0))? NQ\/7 F(260)4 10 ‘

CEPON = 57 [E2pieem| [

(C(2)C(0)2) = N2 \/gofq—l(%o) ,

(B(x)D(0))2) = —Ns\/g (fal260) + 11(260))
(C(2)B0)? = (B(2)B(0)? =0, (2.50)

)

where the last two correlators are of order e* and €% respectively, that is of
higher order than the €2 terms, and hence they are viewed as zero to the
order we are working here.

An important relation in logarithmic conformal field theories is a “formal
derivative” relation with respect to the anomalous dimension A, between
the logarithmic set of operators [83]. In this respect, we mention that in the
case of logarithmic algebras of order [¢] we encounter here one has

ocC C

oA PR

9%B C
W—q(q—1)9+3ﬂ,

(2.51)

where A = —¢2/2, C, D and B have been defined previously (c.f. (2.37)), and
the ... denote similar relations for the higher-order logarithmic algebras,
whose pattern can already be inferred easily. The first terms on the right-
hand-side of these relations would be exactly the derivative relation of a
standard logarithmic conformal field theory of order [g] [83]. However in
the recoil case one encounters singular 1/v/—A ~ 1/e terms due to the
specific form of the operator C. Such singular terms also characterize the
corresponding derivative relations in the flat-space recoil case [1,2]. It is
worth stressing, though, that such singularities seem to characterize only the
formal derivative relations and not the logarithmic O.P.E.’s or the connected
correlators, as we have seen in detail above.

In general, if one considers ¢ > 3 one arrives at higher order logarithmic
algebras [7], with the highest power given by the integer part of ¢, [¢]. This
is an interesting feature of the recoil-induced motion of D-particles in RW
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backgrounds with scale factors ~ t?, p > 1, corresponding to cosmological
horizons and accelerating Universes. In such a case the order of the loga-
rithmic algebra is given by [2p]. It is interesting to remark that radiation
and matter (dust) dominated RW Universes would imply simple logarithmic
algebras.

We now notice that, under a world-sheet finite-size scaling,

L— L =Ltk 2o () P=24T (2.52)

with K(q) a function of ¢ determined by (2.49), the operators C, D, ..., and
consequently the target-time ¢, transform in a non trivial way. In particular,
for ¢ one has
A

(?) Z(T)IT) =t1+ qeTt" ' + O (%), (2.53)
where Z(7) is a wave function renormalization of the world-sheet field ¢(z),
which can be chosen in a natural way so that (¢//e)?"1Z(7)? = 1. This
implies

HT)! = (t+€T)1+ O (),
H(T)=t+eT +0 (62) , (2.54)

i.e. that a shift in the target time is represented as € 7. Of course, at the
fixed point, € = 0, the field ¢(z) does not run, as expected.

2.4.3. Vertex operator for the path and associated spacetime geometry

In this subsection we shall discuss the implications of the world-sheet de-
formation (2.17) for the spacetime geometry. In particular, we shall show
that its role is to preserve the Dirichlet boundary conditions on the X* by
changing coordinate system, which is encoded in an induced change in the
space time geometry G;;. The final coordinates, then, are coordinates in the
rest frame of the recoiling particle, which naturally explains the preservation
of the Dirichlet boundary condition.

To this end, we first rewrite the world-sheet boundary vertex opera-
tor (2.17) as the bulk operator

v [ G wox = [ o (oo x)

= /Z (9 (1)0at0* X" + y;0°X") | (2.55)
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where the dot denotes derivative with respect to the target time ¢, and « is
a world-sheet index. Notice that it is the covariant vector y; which appears
in the formula, which incorporates the metric G;;, y; = Gijyj .

To determine the background geometry, which the string is moving in,
it is sufficient to use the classical motion of the string, described by the
world-sheet equations

X 4T, 0, X 0" XY =0, (2.56)

where p, v are space time indices, o = 1,2 is a world-sheet index, 92 is the
laplacian on the world sheet, and ¢ is a target spatial index.

The relevant Christoffel symbol in our RW background case, is I'!;;, and
thus the operator (2.55) becomes

/ (5 — 2ys()T"4) Dat0* X", (2.57)
>

from which we read an induced non-diagonal component for the space time
metric

2Go; = i — 2y ()T . (2.58)

In the RW background (2.18) the path y;(¢) is described (2.21) by (notice
again we work with covariant vector y;)

(t) = viag (ttzp —t t2p) (2.59)
Yi 1_ 2]9 0 0 ) .

which gives 2Go; = a®(tg)v;, yielding the metric line element
ds® = —dt* + v;a®(to)dtd X + a®(t)(dX")?, for t>ty. (2.60)

As expected, this spacetime has precisely the form corresponding to a
Galilean-boosted frame (the D-particle’s rest frame), with the boost occur-
ring suddenly at time t = tg.

This can be understood in a general fashion by first noting that (2.58)
can be written in a general covariant form as

2Goi = Vi (= Veyi + Vit), (2.61)

which is the general coordinate transformation associated with y; from a
passive (Lie derivative) point of view.

In general, given the boundary condition d,t = 0, one can write the
operator (2.17), in a covariant form by expressing it as a world-sheet bulk
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operator

V= / YO X1 = / Do (Y0 X) = / Vo 0 XPOOXY | (2.62)
ox b by

where in the last step we have used again the string equations of mo-
tion (2.56). From this expression, one then derives the induced change in
the metric

206G = Vuyy + Vouu (2.63)

which is the familiar expression of the Lie derivative under the coordinate
transformation associated with ,,.

In all the above expressions we have taken the limit ¢ — 0, which cor-
responds to considering the ratio of world-sheet cut-offs a/L — 0, implying
that one approaches the infrared fixed point in a Wilsonian sense. As noted
previously, in the context of the logarithmic conformal analysis of the path
y'(t), we have seen that this limit can be reached without problems only in
the case p < 1, which corresponds to the absence of cosmological horizons.
On the other hand, the case of non-trivial horizons, p > 1, implies ultravio-
let divergences, which prevent one from taking this limit in a way consistent
with conformal invariance of the underlying ¢ model. In such a case, the
operators are relevant, with finite anomalous dimensions —e2/2. One way to
deal with such relevant operators is by Liouville dressing [25,27] which would
in principle restore the conformal symmetry at the cost of implying an extra
target-space-time dimension. However in our case, such a restoration would
not solve the full problem, since as we mentioned above we have neglected
in our approach terms proportional to the graviton (-functions.

3. Time as a RG Scale and Non-Linear Dynamics of Bosonic
D-particles

3.1. General remarks

In [23] we formulated an effective Schrodinger wave equation describing the
quantum dynamics of a system of DO-branes by applying the Wilson renor-
malization group equation to the worldsheet partition function of a deformed
o-model describing the system, which includes the quantum recoil due to the
exchange of string states between the individual D-particles. We arrived at
an effective Fokker-Planck equation for the probability density with diffusion
coefficient determined by the total kinetic energy of the recoiling system. We
used Galilean invariance of the system to show that there are three possi-
ble solutions of the associated non-linear Schrédinger equation depending on
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the strength of the open string interactions among the D-particles. When
the open string energies are small compared to the total kinetic energy of
the system, the solutions are governed by freely-propagating solitary waves.
When the string coupling constant reaches a dynamically determined criti-
cal value, the system is described by minimal uncertainty wavepackets which
describe the smearing of the D-particle coordinates due to the distortion of
the surrounding spacetime from the string interactions. For strong string
interactions, bound state solutions exist with effective mass determined by
an energy-dependent shift of the static BPS mass of the DO-branes.

The effective worldvolume dynamics of a single Dp-brane coupled to a
worldvolume gauge field and to background supergravity fields is described
by the action [33]

In, =17, / dPlg e 7? \/— deﬁt [Gap + Bag + 2ma/ F ]
«,

+T, / R [OA e2m'F+B A gl (3.1)
p+1

The first term in (3.1) is the Dirac-Born-Infeld action with 7, the p-brane
tension, o’ the string Regge slope, ¢ the dilaton field, F' = dA the worldvol-
ume field strength, and G and B the pull-backs of the target space metric
and Neveu-Schwarz two-form fields, respectively, to the Dp-brane worldvol-
ume. It is a generalization of the geometric volume of the brane trajectory.
The second term is the Wess-Zumino action (restricted to its p + 1-form
component) with C' the pullback of the sum over all electric and magnetic
Ramond-Ramond (RR) form potentials and G a geometrical factor account-
ing for the possible non-trivial curvature of the tangent and normal bundles
to the p-brane worldvolume. It describes the coupling of the Dp-brane to the
supergravity RR p + 1-form fields as well as to the topological charge of the
worldvolume gauge field and to the worldvolume gravitational connections.
The fermionic completion of the action (3.1), compatible with spacetime
supersymmetry and worldvolume k-symmetry, has been described in [37].
For a recent review of the Born-Infeld action and its various extensions in
superstring theory, see [38].

While the generalization of the Wess-Zumino Lagrangian to multiple Dp-
branes is obvious (one simply traces over the worldvolume gauge group in
the fundamental representation), the complete form of the non-abelian Born-
Infeld action is not known. In [39] it was proposed that the background
independent terms can be derived using T-duality from a 9-brane action
obtained from the corresponding abelian version by symmetrizing all gauge
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group traces in the vector representation [38]. A direct calculation of the
leading terms in a weak supergravity background has been calculated using
Matrix Theory methods in [40]. Based on the Type I formulation, i.e. by
viewing a D-particle in the Neumann picture and imposing T-duality as a
functional canonical transformation in the string path integral [41], the ef-
fective moduli space Lagrangian was derived in [2] and shown to coincide
(to leading orders in a velocity expansion) with the non-abelian Born-Infeld
action of [39]. In the following we will use this moduli space approach to
D-brane dynamics to describe some properties of the multiple D-brane wave-
function.

The novel aspect of the approach of [2] is that the moduli space dynamics
induces an effective target space geometry for the D-branes which contains
information about the short-distance spacetime structure probed by multiple
D-particles. Based on this feature, string-modified spacetime and phase
space uncertainty relations can be derived and thereby represent a proper
quantization of the noncommutative spacetime seen by low-energy D-particle
probes [2]. The crucial property of the derivation is the incorporation of
proper recoil operators for the D-branes and the short open string excitations
connecting them. The smearing of the spacetime coordinates y{* (in general
i =1,...,9 — p label the transverse coordinates of the Dp-brane and a =
1,..., N the component branes of the multiple D-brane configuration) of a
given D-particle as a result of its open string interactions with other branes
can be seen directly from the formula for the variance

() = [ - v )] = e, (32)
b#a

where Y,* are the u(N)-valued positions of the D-particles (a = b) and of
the open strings connecting branes a and b (a # b), and Iy is the N x N
identity matrix. The recoil operators give a relevant deformation of the con-
formal field theory describing free open strings, and thus lead to non-trivial
renormalization group flows on the moduli space of coupling constants. The
moduli space dynamics is thereby governed by the Zamolodchikov metric
and the associated C-theorem. Physically, the recoil operators describe the
appropriate change of quantum state of the D-brane background after the
emission or absorption of open or closed strings. They are a necessary ingre-
dient in the description of multiple D-brane dynamics, in which coincident
branes interact with each other via the exchange of open string states. The
quantum uncertainties derived in [2] were found to exhibit quantum deco-
herence effects through their dependence on the recoil energies of the system
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of D-particles. This suggests that the appropriate quantum dynamics of
DO0-branes should be described by some sort of stochastic string field theory
involving a Fokker-Planck Hamiltonian.

As in [38,39], the derivation in [2] assumes constant background super-
gravity fields. However, another important ingredient missing in the moduli
space description is the appropriate residual fermionic terms from the su-
persymmetry of the initial static D-brane configuration. While the recoil of
the D-branes breaks supersymmetry, it is necessary to include these terms
to have a complete description of the stability of the D-particle bound state.
As shown in [42], the energy of the bound states of D-branes and strings is
determined by the central charge of the corresponding spacetime supersym-
metry algebra. Nonetheless, the bosonic formalism that we display below
can be exploited to a large extent to describe at least heuristically the quan-
tum phase structure of the multiple D-particle system and, in particular,
determine the mass and stability conditions of the candidate bound state.
One reason that this approach is expected to yield reliable results is that we
view the system of D-branes and strings as a quantum mechanical system
(rather than a quantum field theoretical system as might be the case from
the fact that T-duality is used to effectively integrate over the transverse co-
ordinates of the branes), with the D-brane recoil constituting an excitation
of this system. The recoiling system of D-branes and strings can be viewed
as an excited state of a supersymmetric (static) vacuum configuration. The
breaking of target space supersymmetry by the excited state of the sys-
tem may thereby constitute a symmetry obstruction situation in the spirit
of [43]. According to the symmetry obstruction hypothesis, the ground state
of a system of (static) strings and D-branes is a BPS state, but the excited
(recoiling) states do not respect the supersymmetry due to quantum dif-
fusion and other effects. Phenomenologically, the supersymmetry breaking
induced by the excited system of recoiling D-particles will distort the space-
time surrounding them and may result in a decohering spacetime foam, on
which low energy (point-like) excitations live. This motivates the study of
non-supersymmetric D-branes recoiling under the exchange of strings. Such
quantum mechanical systems exhibit diffusion and may be viewed as non-
equilibrium (open) quantum systems, with the non-equilibrium state being
related naturally to the picture of viewing the recoiling D-brane system as an
excited state of some (non-perturbative) supersymmetric D-brane vacuum
configuration.

The main relationship we shall exploit in obtaining the quantum dynam-
ics of multiple D-particle systems is that between the Dirichlet partition
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function in the background of Type II string fields and the semi-classical
(Euclidean) wavefunctional W[Y?] of a Dp-brane. This relation is usually
expressed as [44, 45]

Z= / DY' W[y, (3.3)

The wavefunction W[Y] is expressed in terms of the generating functional
which sums up all one-particle irreducible connected worldsheet diagrams
whose boundaries are mapped onto the D-brane worldvolume. Integration
over the worldvolume gauge field is implicit in ¥ to ensure Type II winding
number conservation. Dirichlet string perturbation theory yields

oo
Uy =exp) e85, [v7], (3.4)
h=1
where Sj, denotes the amplitude with h holes, in which an implicit sum over
handles is assumed. However, as we will discuss in the following, the iden-
tification (3.3) is not the only one consistent with the approach to D-brane
dynamics advocated in [2], and one may instead identify the worldsheet
Dirichlet partition function, summed over all genera, with the probability
distribution corresponding to the wavefunction W. Using this identification,
the Wilson renormalization group equation has been proposed as a defin-
ing principle for obtaining string field equations of motion, including the
appropriate Fischler-Susskind mechanism for the contributions from higher
genera [44]. When applied to Dirichlet string theory, we shall find that
the consistent D-brane equation of motion follows from the renormalization
group equation.

More precisely, within the framework of a perturbative logarithmic
conformal field theory approach to multiple D-brane dynamics [2], we
will show that the intricate quantum dynamics of a system of interact-
ing non-supersymmetric (bosonic) D-particles is described by a non-linear
Schrodinger wave equation. The corresponding probability density is of the
Fokker-Planck type, with quantum diffusion coefficient D given by the square
of the modulus of the recoil velocity matrix of the bound state system of non-
supersymmetric (bosonic) D-particles and strings,

9
D=cgVa ) tr|U°, (3.5)
=1

where c¢¢ is a numerical constant and U, is the (renormalized) constant ve-
locity matrix of a system of N D-particles arising due to the D-particle recoil
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from the scattering of string states. This phenomenon is in fact characteristic
of Liouville string theory, on which the above approach is based. Since the
D-particle interactions distort their surrounding spacetime, these non-linear
structures may be thought of as describing short-distance quantum gravita-
tional properties of the D-brane spacetime. Non-linear equations of motion
for string field theories have been derived in other contexts in [46]. From this
nonlinear Schrédinger dynamics we shall describe a multitude of classes of
solutions, using Galilean invariance of the D-brane dynamics which is a con-
sequence of the corresponding logarithmic conformal algebra. We will show
that bound state solutions do indeed exist for string couplings g, larger than
a dynamically determined critical value. The effective bound state mass is
likewise determined as an energetically induced shift of the static, BPS mass
of the DO-branes. In fact, we shall find that there are essentially three dif-
ferent phases of the quantum dynamics in string coupling constant space.
Below the critical string coupling the multiple D-brane wavefunction is de-
scribed by solitary waves, in agreement with the description of free D-branes
as string theoretic solitons, while at the critical coupling the quantum dy-
namics is described by coherent Gaussian wavepackets which determine the
appropriate quantum smearing of the multiple D-particle spacetime. These
results are shown to be in agreement with the previous results concerning
the structure of quantum spacetime [2].

We close this subsection by summarizing some of the generic guidelines
that we used in [23], and shall review below, for constructing a wavefunc-
tional for the system of bosonic D-branes. We will use a field theoretic
approach by identifying the Hartle-Hawking wavefunction

Uy~ e 58 (3.6)

where Sg is the effective Euclidean action. We shall discuss the extension to
string theory and highlight the advantages and disadvantages of using this
identification. We shall also identify the probability density with the genus
expansion of an appropriate worldsheet o-model:

P=UT= > /Da: i (3.7)

genera

The arguments in favor of this identification will be reality, and the oc-
currence of statistical probability distribution factors which appear in the
wormhole parameters after resummation of (3.7) over pinched genera. We
stress, however, that this turns out to be a feature of the bosonic D-particle
case. Upon supersymmetrization, the leading (ultraviolet) world-sheet mod-
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ular divergences associated with such degenerate two-dimensional surfaces
disappear, thereby making the summation over genera a quite complicated
technical issue not completely resolved to date. As we shall discuss in section
5, this will also have important physical consequences for the linearity of the
associated quantum dynamics of the super D-particles.

For the moment, we remark that the Wilson-Polchinski worldsheet renor-
malization group flow, coming from the sum over genera as in (3.7), yields
a Fokker-Planck diffusion equation for the bosonic D-particle case

WP =DV?*P-V-JT, (3.8)

where D is the diffusion operator defined in (3.5) in terms of (renormalized)
recoil velocity matrices, and J is the associated probability current density.
The equation (3.8) will follow from the gradient flow property of the o-
model G-functions, which is also necessary for the Helmholtz conditions or
equivalently for canonical quantization of the string moduli space.

The knowledge of the Fokker-Planck equation (3.8) alone does not lead
to an unambiguous construction of the wavefunction W. There are ambigu-
ities associated with non-linear W-dependent phase transformations of the
wavefunction,

U e Nya(¥) g

)

Nya(0) = ylog | W] + Aarg ¥ + 0 ({Y;**}, 1) , (3.9)

where ¢ is the Liouville zero mode. Furthermore, ¥ is then necessarily deter-
mined by a non-linear wave equation if a diffusion coefficient D is present,
as will be the case in what follows. The non-linear Schrédinger equation has
the form

: 2

th oy = HoVU + ﬁZDB\IJ, (3.10)

2 P
where P = UV is the probability density. This is a Galilean-invariant but
time-reversal violating equation, exactly as expected from previous consid-
erations of non-relativistic D-brane dynamics and Liouville string theory.
Eq. (3.10) will be the proposal in the following for the non-linear quantum
dynamics of matrix bosonic D-branes (this was noted in passing in [47]).

3.2. Quantum Mechanics on Moduli Space

In [2] it was shown how a description of non-abelian D-particle dynamics,
based on canonical quantization of a o-model moduli space induced by the
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worldsheet genus expansion (i.e. the quantum string theory), yields quan-
tum fluctuations of the string soliton collective coordinates and hence a
microscopic derivation of spacetime uncertainty relations, as seen by short
distance D-particle probes. In the following we will proceed to construct
a wavefunction for the system of DO-branes which encodes the pertinent
quantum dynamics. To start, in this section we shall clarify certain facts
about wavefunctionals in non-critical string theories in general, completing
the discussion put forward in [45].

3.2.1. Liouville-dressed Renormalization Group Flows

Consider quite generally a non-critical string o-model, defined as a defor-
mation of a conformal field theory S, with coupling constants {g’}. The
worldsheet action is

Solz; {g'}] = S.|z] + /dzz g Vilz], (3.11)
5

where V; are the deformation vertex operators and an implicit sum over re-
peated upper and lower indices is always understood. We assume that the
deformation is relevant, so that the worldsheet theory must be dressed by
two-dimensional quantum gravity in order to restore conformal invariance in
the quantum string theory. The corresponding Liouville-dressed renormal-
ized couplings {\'} satisfy the renormalization group equations

M4 QN =—-pI(\), (3.12)

where the dots denote differentiation with respect to the worldsheet zero
mode of the Liouville field. Here @ is the square root of the running central
charge deficit on moduli space and

BEN) = RIN 4 cd M (3.13)

are the flat worldsheet (-functions, expressed in terms of Liouville-dressed
coupling constants. In (3.13), k! are the conformal dimensions and ¢/,
the operator product expansion coefficients of the vertex operators V;. The
minus sign in (3.12) arises because we confine our attention here to the case
of central charge ¢ > 25 (corresponding to supercritical bosonic or fermionic
strings).

Upon interpreting the Liouville zero mode as the target space time evo-
lution parameter, Eq. (3.12) is reminiscent of the equation of motion for the
inflaton field ¢ in inflationary cosmological models [48,49]. In the present
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case of course one has a collection of fields {g’}, but the analogy is never-
theless precise. The role of the Hubble constant H is played by the central
charge deficit (). The precise correspondence actually follows from the gra-
dient flow property of the string o-model G-functions for flat worldsheets

0
sl =a" @C, (3.14)

where C' = @Q? is the Zamolodchikov C-function which is associated with the
generating functional for one-particle irreducible correlation functions [50],
and G'7 is the matrix inverse of the Zamolodchikov metric

Gry =2|z|* (Vi(z,2) V;(0,0)) (3.15)

on the moduli space M({g’}) of o-model couplings {g’}. Then the right-
hand side of (3.12) also corresponds to the gradient of the potential V' in
inflationary models

av
do’

where ¢ is the inflaton field in a sufficiently homogeneous domain of the

¢+ 3Hp=— (3.16)

universe.

3.2.2. The Hartle-Hawking Wavefunction

In [2,45] it was shown, through the energy dependence of quantum uncer-
tainties, that some sort of stochasticity characterizes non-critical Liouville
string dynamics, implying that the analogy of Eq. (3.12) with the equations
of motion in inflationary models should be made with those involving chaotic
inflation [49]. Let us now briefly review the properties of these latter mod-
els. In such cases, the ground state wavefunction of the universe may be
identified as [51]

Yo(a, ) = exp—Sg(a,d), (3.17)

where Sg is the Euclidean action for the scalar field a(7) and the inflaton
scalar field ¢(7) which satisfy the boundary conditions:

a(0)=a,  ¢(0) =4, (3.18)

and 7 is the Euclidean time.
To understand how Eq.(3.17) comes about, we appeal to the Hartle-
Hawking interpretation [51]. Consider the Green’s function (x,t|0,t") of a
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particle which propagates from the spacetime point (0,¢) to (x,t),
(2,410,8') = 3 4l ()1 (0) @ Fn (=) = / Da e S@I=D (319

where {1, } is the complete set of energy eigenstates with energy eigenvalues
E,, > 0 (the sum in (3.19) should be replaced by an appropriate integration
in the case of a continuous spectrum). To obtain an expression for the ground
state wavefunction, we make a Wick rotation t = —i7, and take the limit
T — —o0 to recover the initial state. Then in the summation over energy
eigenvalues in (3.19), only the ground state (n = 0) term survives if Ey = 0.
The corresponding path integral representation becomes f Dz e 52() and
one obtains Eq. (3.17) in the semi-classical approximation.

For inflationary models which are based on the de Sitter spaces dS4 with

a(1) = k() cos k()T (3.20)
one has
Spla,¢) = — i (3.21)
ST V() |
and hence
= 3 3.22
h(a.0) = exp 1. (3.22)

Thus the probability density for finding the universe in a state with ¢ =
const., a = k™1 (¢) = ,/W is
P = |pol* = ¥*V @ (3.23)

The distribution function (3.23) has a sharp maximum as V(¢) — 0. For
inflationary models this is a bad feature, because it diminishes the possibility
of finding the universe in a state with a large ¢ field and thereby having a
long stage for inflation. However, from the point of view of Liouville string
theory, the result (3.23), if indeed valid, implies that the critical string theory
(since V' o< @Q? there) is a favorable situation statistically, and hence any
consideration (such as those in [2]) made in the neighborhood of a fixed point
of the renormalization group flow on the moduli space of running coupling
constants is justified.
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3.2.3. Moduli Space Wavefunctionals

Let us now proceed to discuss the possibility of finding a Schrodinger wave
equation for the D-particle wavefunction. The identification (3.17) in the
inflationary case needs some careful verification in the case of the topological
expansion of the worldsheet o-model (3.11). In Liouville string theory, the
genus expansion of the partition function may be identified [45] with the
wavefunctional of non-critical string theory in the moduli space of coupling
constants {g’},

TTHEDS /Dx o—Sal{"}] = o—Flla"} (3.24)

where
FHg"™ = (9" Ful{g"}] (3.25)
h=0

is the effective target space action functional of the non-critical string theory.
The sum on the right-hand side of (3.25) is over all worldsheet genera, which
sums up the one-particle irreducible connected worldsheet amplitudes Fj,
with h handles. The gradient flow property (3.14) of the 8-functions ensures
[2,45] that the Helmholtz conditions for canonical quantization are satisfied,
which is consistent with the existence of an off-shell action F[{g’}]. In that
case, the effective Lagrangian on moduli space whose equations of motion
coincide with the renormalization group equations (3.12) is given by [2]

Ly(t) = =" G187 (3.26)

and it coincides with the Zamolodchikov C-function. The semi-classical
wavefunction determined by (3.24) is thereby determined by the action C[)]
regarded as an effective action on the space of two-dimensional renormal-
izable field theories. Thus the probability density is P[{g’}] = e ~2* {e'},
which implies that the minimization of F[{g’}] yields a maximization of
P[{g'}], provided that the effective action is positive-definite. This is an
ideal situation, since then the minimization of F[{g’}], in the sense of solu-
tions of the equations §F /g’ = 0, corresponds to the conformally-invariant
fixed point of the o-model moduli space, thereby justifying the analysis in a
neighborhood of a fixed point.

However, the identification (3.24) is not the only possibility in non-critical
string theory, as will be discussed below, in particular in connection with the
Schrédinger dynamics of DO-branes. The main point is that upon taking the
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topological expansion in Liouville string theory, the couplings g’ become
quantized in such a way that

3 / D o —Solee™] — / Dol e—%gaIG”a"/ D o~ laidg"+al}]

genera M({gl})

(3.27)

where the prime on the sum means that the genus expansion is truncated
to a sum over pinched annuli of infinitesimal strip size, S5’ [z;{g"}] is the
tree-level (disc or sphere) action for the g-model, and o! are worldsheet
wormhole parameters on the moduli space M({g’}) of the two-dimensional
quantum field theory. The Gaussian spread in the a! in (3.27) can be inter-
preted as a probability distribution characterizing the statistical fluctuations
of the coupling constants g/. The width I' is proportional to the logarithmic
modular divergences on the pinched annuli, which may be identified with
the short-distance infinities log A at tree-level [2] (A is the worldsheet ultra-
violet cutoff scale). The result (3.27) suggests that one may directly identify
the genus expansion of the worldsheet partition function as the probability
density,
I 2 _ I
‘\I/({g }7 t)| = P({g }7t) ) (328)
for finding non-critical strings in the moduli space configuration {g’} at Li-
ouville time ¢ (the worldsheet zero mode of the Liouville field). In this way
one has a natural explanation for the reality of Eq. (3.27) on Euclidean world-
sheets. If the identification of the genera summed partition function with the
probability density holds, i.e. with the square of the wavefunction ¥({g’},¢)
rather than the wavefunctional itself, then one may obtain a temporal evolu-
tion equation for (3.28) using the Wilson-Polchinski renormalization group
equation on the string worldsheet [44]. This will be described in details later
on.

One may argue formally in favor of the above identification in the case of
Liouville strings, within a world-sheet formalism, by noting [4] that the con-
ventional interpretation of the Liouville (world-sheet) correlators as target-
space S-matrix elements breaks down upon the interpretation of the Liouville
zero-mode as target time. Instead, the only well-defined concept in such a
case is the non-factorizable $-matrix, which acts on target-space density ma-
trices rather than state vectors. This in turn implies that the corresponding
world-sheet partition function, summed over topologies, which in the case
of critical strings would be the generating functional of such S-matrix ele-
ments in target space, should be identified with the probability density in
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the moduli space of the non-critical strings (3.28).

Below we review briefly this approach [4] by focusing on those aspects of
the formalism that are most relevant to our purposes here. As we shall dis-
cuss, the above identification follows from specific properties of the Liouville

string formalism.
A

UV 5 IR
L :
\/ . y
IR

Figure 3. Contour of integration in the analytically-continued (regularized) version of I'(—s)
for s € Zt. The quantity A denotes the (complex) world-sheet area. This is known in the
literature as the Saalschutz contour, and has been used in conventional quantum field theory to
relate dimensional regularization to the Bogoliubov-Parasiuk-Hepp-Zimmermann renormalization
method. Upon the interpretation of the Liouville field with target time, this curve resembles
closed-time-paths in non-equilibrium field theories.

We commence our analysis by considering the correlation functions
among vertex operators in a generic Liouville theory, viewing the Liouville
field as a local renormalization-group scale on the world sheet [4]. Stan-
dard computations [69] show that the N-point correlation function among
world-sheet integrated vertex operators V; = [ d%2V;(z, z) is given by

Ay =<V .. Vi > =T(—s)p’ < (/d2z ’yeo‘¢>5f/,- f/;N > =0,
(3.29)
where the tilde denotes removal of the Liouville field ¢ zero mode which has
been path-integrated out in (3.29). The world-sheet scale p is associated with
cosmological constant terms on the world sheet, which are characteristic of
the Liouville theory. The quantity s is the sum of the Liouville anomalous
dimensions of the operators V;

N
S:_Z%_97 oz:—9+1 Q*+8. (3.30)

— « o 2 2

The T function can be regularized [4,5] (for negative-integer values of its
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argument) by analytic continuation to the complex-area plane using the the
Saalschultz contour of Fig. 3. Incidentally, this yields the possibility of an
increase of the running central charge due to the induced oscillations of the
dynamical world sheet area (related to the Liouville zero mode). This is
associated with an oscillatory solution for the Liouville central charge near
the fixed point. On the other hand, the bounce interpretation of the infrared
fixed points of the flow, given in Refs. [4,5], provides an alternative picture
of the overall monotonic change at a global level in target space-time.

To see technically why the above formalism leads to a breakdown in
the interpretation of the correlator Ay as a target-space string amplitude,
which in turn leads to the interpretation of the world-sheet partition function
as a probability density rather than a wave-function in target space, one
first expands the Liouville field in (normalized) eigenfunctions {¢,} of the
Laplacian A on the world sheet

1
$(2,2) =) cndn =codo+ ¥ ¢n,  Gox ATz, (3.31)
n n#0
where A is the world-sheet area and
Ad, = —€,0n , n=0,1,2,..., g =0, (P, Dm) = Opm, -
(3.32)

The result for the correlation functions (without the Liouville zero mode)
appearing on the right-hand-side of Eq. (3.29) is

- 1
AN x [ I, z0dey, exp ( ~ & Z enci — % Z Ry,c, + Z aitbn(zi)cn)
n#0 n#0 n#0

><( / d2¢\/Fe® nzo ¢) (3.33)

where R, = [ d>¢R?)(£)¢,,. We can compute (3.33) if we analytically con-
tinue [69] s to a positive integer s — n € ZT. Denoting

f(x,y)z Z ¢n($)¢m(y) (334)

n,m #0 €n
one observes that, as a result of the lack of the zero mode,

1
Af(x,y) = —4ndP (z,y) - - . (3.35)
We may choose the gauge condition [ dzfﬁq; = 0. This determines the

conformal properties of the function f as well as its ‘renormalized’ local
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limit

fr(z,2) = lim (f(z,y) + Ind*(z,y)) , (3.36)

r—Y

where d?(z,y) is the geodesic distance on the world sheet. Integrating over
¢, one obtains

Apin o exp [%Zaiajf(zi,z] pro 2// x,y)
—Z—al/fR (x, 2 } (3.37)

We now consider infinitesimal Weyl shifts of the world-sheet metric,
v(x,y) — y(z,y)(1 — o(x,y)), with z,y denoting world-sheet coordinates.
Under these, the correlator Ay transforms as [4]

—i—i{Qs/d /% o(x) /d2x yo(z)fr(x,x)
+Qs//d2xd2y\/_R G(z,y) —sZa,/d /% o(2)G(x, )

—%Szaifzz(zi,zi)/dzxﬂa(m)
‘1% / / dzd*y/A(@)3(y) R(@) fa(z,2)o(y)}] Ay . (3.38)

where the hat notation denotes transformed quantities, and the function
G(x,y) is defined as

G(z,) = f(2,0) — 5 (frl(2:2) + Frlw,)) (3.39)

and transforms simply under Weyl shifts [4]. We observe from (3.38) that if
the sum of the anomalous dimensions s # 0 (‘off-shell’ effect of non-critical
strings), then there are non-covariant terms in (3.38), inversely proportional
to the finite-size world-sheet area A. Thus the generic correlation function
Ap does not have a well-defined limit as A — 0.

In our approach to string time we identify [4] the target time as t = ¢¢ =
—logA, where ¢g is the world-sheet zero mode of the Liouville field. The
normalization follows from a consequence of the canonical form of the kinetic
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term for the Liouville field ¢ in the Liouville ¢ model [4,70]. The opposite
flow of the target time, as compared to that of the Liouville mode, is, on
the other hand, a consequence of the ‘bounce’ picture [4,5] for Liouville flow
of Fig. 3. In view of this, the above-mentioned induced time (world-sheet
scale A-) dependence of the correlation functions Ay implies the breakdown
of their interpretation as well-defined S-matrix elements, whenever there is
a departure from criticality s # 0.

In general, this is a feature of non-critical strings wherever the Liouville
mode is viewed as a local renormalization-group scale of the world sheet [4].
In such a case, the central charge of the theory flows continuously with
the world-sheet scale A, as a result of the Zamolodchikov c-theorem [71].
In contrast, the screening operators in conventional strings yield quantized
values [70]. Due to the analytic continuation curve illustrated in Fig. 3,
we observe that upon interpreting the Liouville field ¢ as time [4], ¢t
logA, the contour of Fig. 3 represents evolution in both directions of time
between fixed points of the renormalization group: Infrared fixed point —
Ultraviolet fixed point — Infrared fixed point.

When one integrates over the Saalschultz contour in fig. 3, the integration
around the simple pole at A = 0 yields an imaginary part [4, 5] associated
with the instability of the Liouville vacuum. We note, on the other hand,
that the integral around the dashed contour shown in Fig. 3, which does
not encircle the pole at A = 0, is well defined. This can be interpreted as
a well-defined $-matrix element, which is not, however, factorizable into a
product of S— and ST—matrix elements, due to the ¢t dependence acquired
after the identification ¢ = —logA.

Note that this formalism is similar to the Closed-Time-Path (CTP) for-
malism used in non-equilibrium quantum field theories [72]. Such formalisms
are characterized by a ‘doubling of degrees of freedom’ (c.f. the two direc-
tions of the time (Liouville scale) curve of Fig. 3, in each of which one can
define a set of dynamical fields in target space). As we discussed above, this
prompts one to identify the corresponding Liouville correlators Ay with
$-matrix elements rather than S-matrix elements in target space. Such el-
ements act on the density matrices p = Trp|¥U >< U| rather than wave
vectors |¥ > in the target space of the string; pout = $pin (c.f. the analogy
with the S-matrix, |out >= Slin >).

This in turn implies that the world-sheet partition function Z~X7 L of a
Liouville string at a given world-sheet genus x, which is connected to the
generating functional of the Liouville correlators Ay, when defined over the
closed Liouville (time) path (CTP) of Fig.3, can be associated with the
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probability density (diagonal element of a density matrix) rather than the
wavefunction in the space of couplings. Indeed, one has

Zyrle') = /C - dpoZyL[do. 9'], (3.40)

where {g/} denotes the set of couplings of the (non-conformal) deforma-
tions, ¢g ~ InA is the Liouville zero mode, and A is the world-sheet area
(renormalization-group scale). If one naively interprets Z, r[do,g’] as a
wavefunctional in moduli space {g’}, ¥[¢o, g’], then, in view of the double
contour of Fig. 3 over which Z~X7 1, is defined, one encounters at each slice of
constant ¢g a product of ¥[gg, g’ ] [¢g, ¢'], the complex conjugate wave-
functional corresponding to the second branch of the contour of opposite
sense to the branch defining ¥[pg, g’]. This is analogous to the doubling of
degrees of freedom in conventional thermal field theories [72]. Such prod-
ucts represent clearly probability densities Pt, g’ ] in moduli space of the
non-critical strings upon the identification of the Liouville zero mode ¢g
with the target time ¢ [4].

In the above spirit, one may then consider the (formal) summation over
world-sheet topologies x, and identify the summed-up world-sheet partition
function Zx Z,.1L]¢o, g"] with the associated probability density in moduli
space. In the case of D-particles, discussed in this work, the moduli space co-
incides with the configuration space (collective) coordinates of the D-particle
soliton, and hence the corresponding probability density is associated with
the position of the D-particle in target space. We stress once again that the
above conclusion is based on the crucial assumption of the definition of the
Liouville-string world-sheet partition function over the closed-time-path of
Fig. 3. As we demonstrate below, the specific D-brane example provides us
with highly non-trivial consistency checks of this approach.

We would like now to give an explicit demonstration of the above ideas
for the specific (simplified) case of recoiling (Abelian) D-particles. We shall
demonstrate below that, upon considering the non-critical o-model of a re-
coiling D-particle at a fixed world-sheet (Liouville) scale ¢9 = InA, and
identifying the Liouville mode with the target time, the Euclideanized world-
sheet partition function can describe a probability density in moduli (collec-
tive coordinate) space.

To this end, let us first consider the pertinent ¢ model partition function
for a D-particle, at tree level and in a Minkowskian world-sheet 3. formalism,

ZX=07L = /(DXZ) 6_i47r1a’ fZ 6Xi5Xjnij_i27rla’ OE(egic-i_giD%)a"Xi s (341)
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where €72 ~ InA? = InA (c.f. (3.55)), on account of the logarithmic alge-
bra [52]. In our approach e~? is identified with the target time. This is why
in (3.41) we have not path-integrated over X°, but we consider an integral
only over the spatial collective coordinates X% i = 1,...9 of the D-particle.
The combination of o-model couplings egic + giD % may be identified with the
generalized (Abelian) position €Y of the recoiling D-particle (3.50). Notice
that, since here we have already identified the time with the scale e =2 > 0,
the step function in the recoil deformations of the o-model (3.51) acquires
trivial meaning. We shall come back to a discussion on how one can incor-
porate a world-sheet dependence in the time coordinate later on.

Suppose now that, following the spirit of critical strings [44], one iden-
tifies the Minkowskian world-sheet partition function (3.41) with a wave-
functional U[Y? ¢y = t]. The probability density in Y space, P[Y? t] =
U[Y* t]U*[Y? t], reads in this case,

. . . 1
|20V, 8] :/DX’/DX’J exp [—¢4

T

; /E 8X25X]77w

1 , :
19 i }/Z t - XZ _ X/Z
47T0¢ s 27To/ /32 Yi(t)0nl )]

= (/DXZ exp P9x7 Mij — 'ﬁ /é)EYi(t)anXi}>

( / DXL exp | — /E aX_iEXimjD, (3.42)

where X% = X? 4 X'". Upon passing to a Euclidean world-sheet formalism,
and taking into account that the Y; independent factor can be absorbed in
appropriate normalization of the o-model correlators, one then proves our
statement that o-model partition functions in non-critical strings can be
identified with moduli space probability densities.

Notice that similar conclusions can be reached even in the case where
the time X© is included in the analysis as a full fledged world-sheet field
and is only eventually identified with the Liouville mode. In such a case,
by considering the probability density as above, one is confronted with path
integration over X = Xy + X" s-model fields, which also appear in the
arguments of the step function operators ©.(X?) in the recoil deformations
(c.f. below, (3.51)), that are non trivial in this case. However, upon Liouville
dressing and the requirement that the Liouville mode be identified with the
target time, one is forced to restrict oneself to the hypersurface X_ = 0 in
the corresponding path integral [ DX?DXY(...). As a consequence, one
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is then left with a world-sheet partition function integrated only over the
Liouville mode X, = 2¢ (c.f. Z in (3.40)), and hence the identification of a
Liouville string partition function with a probability density in moduli space
is still valid, upon passing onto a Euclideanized world-sheet formalism. It
can also be seen, in a straightforward manner, that summing upon higher
world-sheet topologies, as in [2], will not change this conclusion.

Notice that if one interprets the topological expansion of the worldsheet
partition function as the probability density for the non-critical string con-
figuration {g’}, then the simple argument leading to Eq. (3.17) is not valid
here. In such a situation the action in Eq. (3.19), which refers to the string
moduli space, is not the same as the effective target space action F[{g’}], but
rather something different, corresponding to the phase of the wavefunctional
U({g'},t) whose probability density (3.28) corresponds to the worldsheet
partition function summed over genera. This is not necessarily a bad fea-
ture, as we shall see, although in most treatments the target space effective
action F[{g’}] is identified with the moduli space action upon identifica-
tion of the Liouville zero mode (i.e. the local worldsheet renormalization
group scale) with target time. For this, we observe that the statistical inter-
pretation of the resummed worldsheet partition function is compatible with
the interpretation in [2] of the Gaussian wormhole parameter distribution
function in Eq. (3.27) as being responsible for the quantum uncertainties of
D-branes. This follows trivially from the fact that

[w({g"}, )" = e 20 (3.43)

Then, any correlation function may be written as

2
(Vi V) = / Dy’ [W({g' .0 Vi, -V, (3.44)
M({g'})
= [ g [ pal et [ py oSy,

M({g'}) M({g"})

which using Eq. (3.43) gives the connection between the two probability dis-
tributions.
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3.3. Matrix D-brane Dynamics

In this section we shall briefly review the worldsheet description of [2] for
matrix DO-brane dynamics. The partition function is given by [41]

Z[Ao,Y]
_ / Diu(a,€.€) exp [ 47;/ / 22 1y Db D + % 7{ dr 2:(7) Oy (7)
x Wiz, &€, ’ " (3.45)
where
Wiz, &, €] (3.46)
= exp [ig, fr (671 AP (1) 2:"(0)+ 5 )Y a0(r) 00 (7))

[)))

is the deformation action of the free o-model in (3.45). Here the indices
w=20,1,...,9 and 7« = 1,...,9 label spacetime and spatial directions of
the target space, which we assume has a flat metric 7,,. The functional
integration measure in (3.45) is given by

Dy(x,€,€) = Da* DE DE exp [~ 5 (far&moen +&060))

=1 5y
N -
x> &a(0)&(1). (3.47)
a=1
The complex auxiliary fields &,(7) and &,(7), a = 1,..., N, transform in

the fundamental representation of the brane gauge group, and they live
on the boundary of the worldsheet > which at tree-level is a disc whose
boundary is a circle ¥ with periodic longitudinal coordinate 7 € [0,1]
and normal coordinate ¢ € R. They have the propagator (£,(7)& (7)) =
dap O(7" — 7), where © denotes the usual step function. The integration
over the auxiliary fields with the measure (3.47) therefore turns (3.47) into a
path-ordered exponential functional of the fields x which is the T-dual of the
usual Wilson loop operator for the ten-dimensional gauge field (A°, — 27T1a, Y?)
dimensionally reduced to the D-particle worldlines. In this picture, A° is
thought of as a gauge field living on the brane worldline, while Y**, a =
1,..., N, are the transverse coordinates of the N D-particles and Yi“b, a # b,
of the short open string excitations connecting them. We shall subtract out

the center of mass motion of the assembly of N D-branes and assume that
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Y; € su(N). We shall also use SU(N)-invariance of the theory (3.45) to
select the temporal gauge A° = 0.

The action in (3.45) may be formally identified with the deformed con-
formal field theory (3.11) by taking the couplings g/ ~ Yﬁb and introducing
the one-parameter family of bare matrix-valued vertex operators

5 00 (7) Ea(7)E(7) - (3.48)

a(257) =
This means that there is a one-parameter family of Dirichlet boundary con-
ditions for the fundamental string fields * on 9%, labeled by 7 € [0,1] and
the configuration fields

yi(a%;m) = &a(r) Y (2° (7)) &(7) - (3.49)

Instead of being forced to sit on a unique hypersurface as in the case of a
single D-brane, in the non-abelian case there is an infinite set of hypersurfaces
on which the string endpoints are situated. In this sense the coordinates
(3.49) may be thought of as an “abelianization” of the non-abelian D-particle
coordinate fields Yiab.

To describe the non-relativistic dynamics of heavy D-particles, the nat-
ural choice is to take the couplings to correspond to the Galilean boosted
configurations Y,2(z0) = Y% + U229 where U; is the non-relativistic ve-
locity matrix. However, logarithmic modular divergences appear in matter
field amplitudes at higher genera when the string propagator Lo is com-
puted with Dirichlet boundary conditions. These modular divergences are
canceled by adding logarithmic recoil operators [2,52] to the matrix o-model
action in (3.45). From a physical point of view, if one is to use low-energy
probes to observe short-distance spacetime structure, such as a generalized
Heisenberg microscope, then one needs to consider the scattering of string
matter off the assembly of D-particles. For the Galilean-boosted multiple
D-particle system, the recoil is described by taking the deformation of the
o-model action in (3.45) to be of the form [2]

Yi(2%) = Vol Y Co(a®) + UPD (o) = (Val v + UgPa®) 0.(a),
(3.50)
where

Co(2°) = €O (), D.(2°) = 220 (z"), (3.51)
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and

“+oo
) (1‘0) — i dq eiqx
‘ 2 q — 1€
—0o0

(3.52)

is the regulated step function whose € — 07 limit is the usual step function.
The operators (3.51) have non-vanishing matrix elements between different
string states and therefore describe the appropriate change of quantum state
of the D-brane background. They can be thought of as describing the recoil
of the assembly of D-particles in an impulse approximation, in which it starts
moving as a whole only at time 2% = 0. The collection of constant matrices
{Yi., U 7.} now forms the set of coupling constants {g'} for the worldsheet
o-model (3.45).

As discussed previously, the recoil operators (3.51) possess a very impor-
tant property. They lead to a deformation of the free o-model action in
(3.45) which is not conformally-invariant, but rather defines a logarithmic
conformal field theory [6,7]. Such a quantum field theory contains logarith-
mic scaling violations in its correlation functions on the worldsheet, which
can be seen in the present case by computing the pair correlators of the fields

(3.51) [52]
(C)Cl0)) =0,
(€2 D)) = -
<D6(z) D€(0)> - I;—ha/ log 2, (3.53)
where
P (3.54)
‘ 5 .

is the conformal dimension of the recoil operators. The constant b is fixed
by the leading logarithmic divergence of the conformal blocks of the theory.
Note that (3.54) vanishes as € — 0, so that the logarithmic worldsheet diver-
gences in (3.53) cancel the modular annulus divergences mentioned above.
An essential ingredient for this cancellation is the identification [52]

1 /

2= —2a' log A (3.55)
which relates the target space regularization parameter € to the worldsheet
ultraviolet cutoff scale A.
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Logarithmic conformal field theories are characterized by the fact that
their Virasoro generator Ly is not diagonalizable, but rather admits a Jordan
cell structure. Here the operators (3.51) form the basis of a 2 x 2 Jordan
block and they appear in the spectrum of the two-dimensional quantum field
theory as a consequence of the zero modes that arise from the breaking of the
target space translation symmetry by the topological defects. The mixing
between C' and D under a conformal transformation of the worldsheet can
be seen explicitly by considering a scale transformation

AN =Ae Vo (3.56)

Using (3.55) it follows that the operators (3.51) are changed according to
D! = D A4tv/o/C. and C! = C,. Thus in order to maintain scale-invariance of
the theory (3.45) the coupling constants must transform under (3.56) as [52,
53] Y" = Y+ U’ and U" = U?, which are just the Galilean transformation
laws for the positions Y? and velocities U?. Thus a scale transformation
of the worldsheet is equivalent to a Galilean transformation of the moduli
space of o-model couplings, with the parameter e 2 identified with the time
evolution parameter ¢t = —vo/ log A. The corresponding 3-functions for the
worldsheet renormalization group flow are

dU;
Bu, = —* = he Ui, (3.57)

and they generate the Galilean group G(9)V * in nine-dimensions.
The associated Zamolodchikov metric,

foé,;cd = 2NA? < (23,0) VI (a5 0)> , (3.58)

can be evaluated to leading order in o-model perturbation theory using the
logarithmic conformal algebra (3.53) and the propagator of the auxiliary
fields to give [2]

y 4 g G2 o
Gl ou= jf 0 Iy ® Iy + % {Iy ® (U'T7 + U7T) (3.59)

+U QU+ U U + (U0 + U0 @ In} +0(33) .
db;ca

where Iy is the identity operator of SU(N) and we have introduced the
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renormalized coupling constants
Js = gs/Vdle, U =U"/Vadle . (3.60)

From the renormalization group equations (3.57) it follows that the renor-
malized velocity operator in target space is truly marginal,

dU®
_ 61
7 =0 (3.61)

which ensures uniform motion of the D-branes. It can also be shown that
the renormalized string coupling gs is time-independent [2]. If we further
define the position renormalization

Yi=Yi/Vle (3.62)

then the S-function equations (3.57) coincide with the Galilean equations of
motion of the D-particles, i.e.
dy’
dt

=U". (3.63)

Note that the Zamolodchikov metric (3.60) is a complicated function of the
D-brane dynamical parameters, and as such it represents the appropriate
effective target space geometry of the D-particles. The moduli space La-
grangian (3.26) is then readily seen to coincide with the expansion to O(g?)
of the symmetrized form of the non-abelian Born-Infeld action for the D-
brane dynamics [39],

1 =
LNp1 = m tr Sym \/%eut [N IN + 27/ g2 F,)| (3.64)

where tr denotes the trace in the fundamental representation of SU(N) and
1
Sym(My, ..., My) = — > My, My, (3.65)
TESn

is the symmetrized matrix product and the components of the dimensionally
reduced field strength tensor are given by

_ L adv; 3
- 27l dt ] Y (27mal)?

Fo; [V, Y] (3.66)
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3.4. FEvolution Equation for the Probability Distribution

In this section we will derive the temporal evolution equation for the proba-
bility density P({g’},t) following the identification of time with a worldsheet
renormalization group scale (i.e. the Liouville zero mode). The basic iden-
tity is the Wilson-Polchinski equation for the case of the worldsheet action
(3.11) which reads [44]

0Z gl 05;
— — | Dt ¢~ Selz{g’}] ] ZPmt )
0 Olog A / e dlog A (367)

0 625, 4S; 4S;
_ 2 2 _ int int int
/d Z/d v <810gAG(Z w)) [51‘“(,2)53:#(10) * dxt(2) dxy(w)
R

and is required for conformal invariance of the quantum string theory. Here
Sint = Sy — Sy, Z is the partition function of the o-model, and

Gz —w) = (2 at(2)z(w) 2 ), (3.68)
is the two-point function computed with respect to the conformal field the-
ory action Si[x]. The basic assumption in arriving at Eq. (3.68) is that the
ultra-violet cutoff A on the string worldsheet appears explicitly only in the
propagator G(z — w), as can always be arranged by an appropriate regular-
ization [44].

Henceforth we shall concentrate on the specific case of interest of a system
of N interacting D-particles. Then, upon summing up over pinched genera,
there are extra logarithmic divergences in the Green’s function (3.68) coming
from pinched annulus diagrams, which may be removed by the introduction
of logarithmic recoil operators, as explained in the previous section. Using
primes to denote the result of resumming the topological expansion over
pinched genera, we then have that

a ! 8 ! o U o
810gAG(z - U}) - alOgAg;ner:a < oL (Z)HZ'M(U)) o >
_ 9 (2aM(z)zu(w) ). (3.69)
dlogA \° " o /int 7

where the correlator (-)in includes the disc and recoil interaction contribu-
tions. Subtracting the disc A-dependence in normal ordering, the remaining
dependence on the worldsheet cutoff comes from the two-point functions of
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the logarithmic recoil operators, giving terms of the form

0 o o
alogA < o :E“(Z):Eﬂ(w) o

X (accCe(z)CE(w) + acpCe(z)De(w) + aDDDe(z)De(w)>> . (3.70)

*

The leading divergence comes from the correlation function (D (2)D(w)). ~
log A, which follows upon the identification (3.55). Thus we may write

_9_ "2 ks i |2
alOgAG(z —w) ~ e (o) log |z —w| Y > |UZ (3.71)

i=1 a,b=1

where c¢g > 0 is a numerical coefficient whose precise value is not important,
and we have used the fact that U’ € su(N).

Next, we observe that in the case of D-particles the second term in
Eq. (3.68) becomes

/D,u:n&& }{dT%dT CGZZ| “ 12 log[2 — 2 cos(T — 7))
0%

1=1 a,b=1
o Sint 5Sint 6Sint
.72
it + o) 7
where the interaction Lagrangian is given by
St = g §dr % (D&Y G . (3T

ox

In the case of a system of recoiling DO-branes, the o-model couplings in
Eq. (3.73) are given by (3.50) with the abelianized couplings (3.49) of Y%
viewed as the boundary values for the open string embedding fields x*(7)
on the D-brane. This means that the fields z°(7) are simply identified with
£a(T)Y %€, (T). All the non-trivial dependence comes from the 2 field which
obeys Neumann boundary conditions and is not constant on the boundary
of 3. Then we may write

5251nt 6Sint 5Sint
Sk (1)0xy(1")  0xH(T) 0z )y (")
= V3 Sint + (Vy; Sine)” + (27972 ,)2 UPPUS%0(7)&(T)Ee (7)) Ea(7")
X 0y (T)0px? (1) O (2° (7)) O (z°(7)) (3.74)
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where y; denotes the constant abelianized zero modes of z¢(7) on 3. Here
we have used the fact that terms of the form 2°5(z%) and ©(2°)§(z") vanish
with the regularization (3.52) [2]. The terms involving dy2(7)0,27 (') will
average out to yield terms of the form

Usl? (©c(2°(7))0c(2”(r")), = o/|Ug|* (Ce(r)Ce(7)), ~ O(e)  (3.75)

where we have used the logarithmic conformal algebra. At leading orders,
these terms vanish, but we shall see the importance of such sub-leading terms
later on.
Using the Dirichlet correlator
36 2./
(052 (7)Opi (7)), = —— 0 L (3.76)

1 —cos(t — 1)

we find that the boundary integrations in Eq. (3.72) are of the form [2]

| 2—2
fd fd’ 0g[2 = 2c0s(r — )]} n (3.77)
)

1 —cos(t — 1)

which has the effect of renormalizing the velocity matrix U éb —U éb. Thus,
ignoring the O(e?) terms for the moment, we find that the remaining terms in
the Wilson-Polchinski renormalization group equation (3.68) yield a diffusion
term for the probability density,

8, PlY,U;t] _cG\/_Z Z 07,12 V2 PIY,Ust] + O(e?) . (3.78)

7j=la,b=1

This equation is of the Fokker-Planck type, with diffusion coefficient

9 N
D=caVa' > > UL (3.79)

=1 a,b=1

coming from the quantum recoil of the assembly of D-particles. The diffusion
disappears when there is no recoil. Note that (3.79) naturally incorporates
the short-distance quantum gravitational smearings for the open string inter-
actions (compare with Eq. (3.2)), and it arises as an abelianized velocity for
the constant auxiliary field configuration &,(7) = &,(7) =1, Va=1,..., N.

The evolution equation (3.78) should be thought of as a modification of
the usual continuity equation for the probability density. Indeed, as we will
now show, the O(e?) terms in Eq. (3.78) coming from (3.75) are of the form
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—Vy, Ji, where

h
Ji= g (foT Vil - 0V, 07) (3.80)
is the probability current density. Here
1
m = Vaa. hyt = 49s (3.81)
S

are, respectively, the BPS mass of the D-particles and the moduli space
“Planck constant”. 4

For this, we note first of all that such terms should generically come in
the form

h hnv
—VyJi = T m (v21 arg \Ij) P - m (vyi arg V) Vy, P . (3.82)

The second term in Eq. (3.82), upon identification of the probability density
P with the genera resummed partition function on the string worldsheet, is
proportional to the worldsheet renormalization group S-function, given the
gradient flow property (3.14) of the string effective action [50], so that

Vy P = 2P Gy, (3.83)

which is to be understood in terms of abelianized quantities. In the present
case the renormalization group equations are given by (3.61) and (3.63)
and, since the couplings Uiab are truly marginal, we are left in (3.83) with
only a Zamolodchikov metric contribution Goc = 2NA*{C.(7)Cc(7))+ (Note
that here one should use suitably normalized correlators (), which yield the
behavior (3.83)). From the logarithmic conformal algebra it therefore follows
that a term with the structure of the second piece in Eq.(3.82) is hidden

d The identification (3.81) of Planck’s constant in the D-particle quantum mechanics on moduli
space with the string coupling constant is actually not unique in the present context of considering
only the exchange of strings between D-particles. As discussed in [2], the most general relation,
compatible with the logarithmic conformal algebra, involves an arbitrary exponent x through
ﬁM = 4(§S)1+X/2. The exponent x arises from specific mechanisms for the cancellation of modular
divergences on pinched annular surfaces by appropriate world-sheet short-distance infinities at
lower genera. The only restriction imposed on x is that it be positive definite. As shown in [2], the
standard kinematical properties of D-particles are reproduced by the choice x = % A choice of
x # 0 seems more natural from the point of view that modular divergences should be suppressed
for weakly interacting strings. However, in the present case, we assume for simplicity the value
X = 0, which yields the standard string smearing Vo for the minimum length uncertainty. The
incorporation of an arbitrary x > 0 in the formalism is straightforward and would not affect the

qualitative properties of the following results.
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in the contributions (3.75) which were dropped as being subleading in e.
Furthermore, from (3.60), (3.82), (3.71), (3.74) and (3.75) it follows that to
leading order

2

9
ZZ! L7 (3.84)

j=1a,b=1

Vy, arg ¥V =

where @; = dy;/dt is the worldsheet zero mode of the abelianized, renor-
malized velocity operator. It then follows that to leading order we have
V?M arg ¥ =0.°

Thus, keeping the subleading terms in the target space regularization
parameter € leads to the complete Fokker-Planck equation for the probability
density P = U,

OP[Y,U;t] = =V, LY, Ust] + DV2 P[Y,Us ], (3.85)

where J; is the probability current density (3.80) and ¥ the wavefunctional
for the system of D-branes,

U[Y,U: 1] = Hep —ZC—G& Ztr\w\? ‘\I/[Y,U;t}‘ (3.86)

Such quantum diffusion is characteristic of all Liouville string theories [45,
47,54]. The resulting quantum dynamics, including the quantum diffusion
which arises from the D-brane recoil, is described by the Schrodinger wave
equation which corresponds to this Fokker-Planck equation. This equation
is analyzed in detail in the next section.

3.5. Non-linear Schrodinger Wave Equations

Given the Fokker-Planck equation (3.85), there is no unique solution for the
wavefunction ¥, as we discuss below, and the resulting Schrédinger wave
equation is necessarily non-linear, due to the diffusion term [55,56]. Consider

¢ Noncommutative position dependent terms arising from commutators [Y;, Y;] appear only at two-
loop order in o-model perturbation theory [2]. An interesting extension of the present analysis
would be to generalize the results to include these higher-order terms into the quantum dynamics.
However, given that the pertinent equations involve only the abelianized coordinates (3.49), we
do not expect the inclusion of such terms to affect the ensuing qualitative conclusions. The effect
of the noncommutativity is to render the quantum wave equation for the system of D-particles
non-linear, through the recoil-induced diffusion from the multi-brane interactions, as we discuss in
the subsequent sections (for a single brane one would obtain a free wave equation governing the

quantum dynamics).
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the quantum mechanical system with diffusion which is described by the
Fokker-Planck equation (3.85) for the probability density P = . In [55]
it was shown that, by imposing diffeomorphism invariance in the space § € M
and representing the symmetry through the infinite-dimensional kinematical
symmetry algebra C°°(M) B Vect(M), one may arrive at the non-linear
Schrédinger wave equation

iy %—‘f = HoU + il (V) (3.87)

where Hj is the linear Hamiltonian operator

s L
Hy = —% V2 + V(7. @ t), (3.88)
and
1 V2 (Uho)
I(0) = - hyy D 24—~ )

Here Vq(y,w;t) is the interaction potential on moduli space and the real
continuous quantum number D in (3.79) is the classification parameter of the
unitarily inequivalent diffeomorphism group representations. Other models
which have more than one type of diffusion coefficient can be found in [55,56].

A crucial point [56] is that there exist non-linear phase transformations
of the wavefunction ¥ (known as quantum mechanical “gauge transforma-
tions”) which leave invariant appropriate families of non-linear Schrédinger
equations, and also the probability density P. Such transformations do not
affect any physical observables of the system. This implies that the choice of
VU is ambiguous, once a density P is found as a solution of Eq. (3.85) on the
collective coordinate space {Y;%} of the D-branes. An important ingredient
in finding such transformations is the assumption [56,57] that all measure-
ments of quantum mechanical systems can be made so as to reduce eventually
to position and time measurements. Because of this possibility, a theory for-
mulated in terms of position measurements is complete enough in principle
to describe all quantum phenomena. This point of view is certainly met by
the D-brane moduli space, where the wavefunctional depends only on the
couplings {g’} and not on the conjugate momenta p; = —ihpg9/9g’. The
group of non-linear gauge transformations acts on each leaf in a foliation of
a family of non-linear Schrédinger equations, such that the two-dimensional
leaves of the foliation consist of sets of equivalent quantum mechanical evo-
lution equations.



September 2, 2004 9:45 WSPC/Trim Size: 9.75in x 6.5in for Proceedings mavromatos

1314 N.E. Mavromatos

It follows that then one can perform the local, two-parameter projective
gauge transformation of the wavefunction [56],

U = N,y (V) = |¥|exp(ivylog [¥] + iXarg U), (3.90)

under which the probability density is invariant, but the probability current
transforms as

T = \Ti+ %vym . (3.91)

Here v(t) and A(t) # 0 are some real-valued time-dependent functions. The
collection of all non-linear transformations IV, ) obeys the multiplication
law of the one-dimensional affine Lie group Af f(1). Under (3.90) there are
families of non-linear Schrodinger equations that are closed (in the sense of
“gauge closure”). A generic form of such a family, to which the non-linear
Schrodinger equation (3.87) belongs, is

oAG 1 .
i — = — HoV + ZI/QRQ[\I’] U+ ,Ulel[\I’] U + (/Lg — % Vl) RQ[\I’] g
ot~ g
+ (3 + 1) R3[ V] U + pg Ry [ V] U + (5 + L 01) R5[0] T
5
. 1 -
=1 izgl ] I/ZRZ[\I’] U+ jg_l iR [\I’] v+ % VM(y, u;t) v, (3.92)

where v;, u; are real-valued coefficients which are related to diffusion coeffi-
cients D and D’ by

fiv
vy = _%7
1
Vy = §D,
H1 :CID 5
h
H2 = _M+62D/7
4dm
h
H3 = M +C3D/7
2m
,LL4:C4D ’
hM /
Hs =2 + D', (3.93)

and R;[¥] are non-linear homogeneous functionals of degree 0 which are



September 2, 2004 9:45 WSPC/Trim Size: 9.75in x 6.5in for Proceedings mavromatos

LCFT and Strings 1315

defined by

m V.. J;
R = — %<t
1 hM P )
vZp
R2: ,Z]J; )
m2 j-2
Ry = — 2L
TR P
_m JiVyP
L W T
2
RF%. (3.94)

In Eq. (3.93) the ¢; are constants, while in Eq. (3.94) the probability current
density is given by (3.80) with P = UTw,

The gauge group Aff(1) acts on the parameter space of the family
(3.92). Some members of this family are thereby linearizable to an ordi-
nary Schrodinger wave equation under the action of (3.90). These are the
members for which there exists a specific relation between D and D’ [56],
and for which Ehrenfest’s theorem of quantum mechanics receives no dissi-
pative corrections. The quantum mechanics of D-particles is not of this type,
given that there is definite diffusion, dissipation and thus time irreversabil-
ity. However, as discussed in [2,52,53], one needs to also maintain Galilean
invariance, which is a property originating from the logarithmic conformal
algebra of the recoil operators. As described in [56], there is a class of
non-linear Schréodinger wave equations which is Galilean invariant but which
violates time-reversal symmetry. For this, it is useful to first construct a
parameter set of equations of the form (3.93) which remain invariant under
the gauge transformations (3.90). We may describe the parameter family
of equations (3.92) in terms of orbits of Aff(1) by regarding v = 2mpu,
and A = 2mu, as the group parameters of an Af f(1) gauge transformation
(3.90). Then the remaining five parameters in (3.93) are taken to be the
functionally-independent parameters n;, j = 1,...,5, which are invariant
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under Af f(1) and are defined by

m =ve — B} M1,
N2 = Vipg — V21,
M3
nm=—,
141
M3
N4 = g — K1 —
41
2 M3
N5 = V15 — Vaflig + (Vg) — . (3.95)

41
A detailed discussion of the corresponding physical observables is given in
[56]. For our purposes, we simply select the following relevant property of
the non-linear Schrédinger equation based on the parameter set (3.95).
Consider the effect of time-reversal on the non-linear Schrédinger wave
equation. Setting ¢ — —t is equivalent to introducing the following new set
of coefficients,

(Vi)T:_Vi7 Z.:1727
(/’L])T:_:u’]7 j:17“‘757
Va)" = -V, (3.96)

where the superscript T' denotes the time-reversal transformation. It is
straightforward to show [56] that, in terms of the 7);’s, there is time-reversal
invariance in the non-linear Schrédinger equation if the two parameters 7)1
and 74 are both non-vanishing. On the other hand, a straightforward calcu-
lation also shows [56] that Galilean invariance sets n4 = 0, thereby implying
that a family of non-linear Schréodinger wave equations which is invariant
under G(9) but not time-reversal invariant indeed ezists. For a single diffu-
sion coefficient D # 0, as in the case (3.79) of recoiling D-branes, one may
set D'c; = 0 (corresponding to the Af f(1) gauge choice p1 = 0) and thereby
obtain the set of gauge invariant parameters:

1
771_57)7
772:20/.?7;17
773:_17
774:07
14 1 2
s =—a'g, — D= . (3.97)
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The parameter set (3.97) breaks time-reversal invariance, as expected from
the non-trivial entropy production and decoherence characterizing the world-
sheet renormalization group approach to target space time involving Liou-
ville string theory [2,45,58]. But it does preserve Galilean invariance, as is
required by conformal invariance of the non-relativistic, recoiling system of
D-particles.

One may therefore propose that the Fokker-Planck equation for the prob-
ability density P on the moduli space of collective coordinates of a system of
interacting D-branes implies a Schrodinger wave equation for the pertinent
wavefunctional which is non-linear, Galilean-invariant and has a time ar-
row, corresponding to entropy production, and hence explicitly broken time-
reversal invariance. The existence of a dissipation D o< tr |U?|?, due to the
quantum recoil of the D-branes, implies that the Ehrenfest relations acquire
extra dissipative terms for this family of non-linear Schrédinger equations.
For example, one can immediately obtain the relations [55]

4 (5~ foro (7))
+m1\4dg @T(_ DZDyiP> <VijZDj(D:0)>\IJ,

& () = (@) (3.98)

where ji(D:O) is the undissipative current density (3.80). Note that the fun-
damental renormalization group equations (3.57) receive no corrections due
to the dissipation. The existence of extra dissipation terms in (3.98) in the
Ehrenfest relation for the momentum operator p; = —ihyy V,,, which are
proportional to tr |[U?|?, may now be compared to the generalized Heisen-
berg uncertainty relations that were derived in [2]. These extra terms are

determined by the total kinetic energy of the D-branes and their open string
excitations, and they show how the recoil of the D-brane background pro-
duces quantum fluctuations of the classical spacetime dynamics [23].

Thus, it seems that in this example, the identification of the world-sheet
RG scale with the target time of the string leads to non-linear quantum
mechanical equations for the D-particle. Such equations have caused some
controversy as far as their physical meaning and uniqueness are concerned.
One may therefore question the above identification of the Liouville field
with target time. However, as we shall discuss below, supersymmetrization
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of the world-sheet formalism, as required for the target-space stability of the
D-particles, eliminates the leading ultraviolet world-sheet divergences (3.70)
leading to the diffusion term (3.71). We next proceed to discuss this issue.
For pedagogical purposes we also give the definition of the associated N=1
Logarithmic superconformal algebras used in the construction of the super
D-brane recoil problem.

4. Definition and Properties of the N/ = 1 Logarithmic
Superconformal Algebra

We will start by looking at an abstract logarithmic superconformal field
theory to see what some of the general features are. Throughout we will
deal for simplicity with situations in which the two-dimensional field theory
contains only a single Jordan cell of rank 2, but our considerations easily
extend to more general situations. In this section we shall begin by discussing
how to incorporate the Ramond sector of the theory properly.

4.1. Operator Product Expansions

Consider a logarithmic superconformal field theory defined on the complex
plane C (or the Riemann sphere CU {co}) with coordinate z. For the most
part we will only write formulas explicitly for the holomorphic sector of the
two-dimensional field theory. We will also use a superspace notation, with
complex supercoordinates z = (z,6), where 6 is a complex Grassmann vari-
able, #2 = 0. The superconformal algebra is generated by the holomorphic
super energy-momentum tensor

T(z) = G(2) + 0T (2), (4.1)

which is a chiral superfield of dimension % Here T'(z) is the bosonic energy-
momentum tensor of conformal dimension 2, while G(z) is the fermionic

supercurrent of dimension % with the boundary conditions
G(e¥i2) = e™AG(2), (4.2)

where A = 0 in the NS sector of the theory (corresponding to periodic bound-
ary conditions on the fermion fields) and A = 1 in the R sector (corresponding
to anti-periodic boundary conditions).

The N' = 1 superconformal algebra may then be characterized by the
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anomalous operator product expansion

¢ 1 2612 11 012
T T =- T - —™D,,T — 0, T RN
(z1) T(z2) 4 (212)3+ (z12)? (22)+2 20 22 (z2) + Z1o 02, T(z2)+
(4.3)
where in general we introduce the variables
Zij = Z; — Zj — QZHJ N eij = HZ — 0]' (44)

corresponding to any set of holomorphic superspace coordinates z; = (z;, 6;).
Here

D, =0y +00,, D=0, (4.5)
is the superspace covariant derivative, and ¢ = 2¢/3 is the superconformal
central charge with ¢ the ordinary Virasoro central charge. An ellipsis will

always denote terms which are regular in the operator product expansion as
z1 — z5. Now introduce the usual mode expansions

T(z) = i L,z "%,

n=—oo

1 e
G(z) = Z 2 Gny(1-n/2 # 22 (4.6)

n=—oo

where LIL =L_, and Gl = G_,. The operator product expansion (4.3) is
then equivalent to the usual relations of the N’ = 1 supersymmetric extension
of the Virasoro algebra,

(Lms L] = (m — 1) Loy + g (m3 _ m) S

m
[LmyGr] = (5 - T) Gm—}—r 5
C 1
(GrnG) = 2Ls b & (rz B Z) 5rvso (47)

where m,n € Z, and r,s € Z + % for the NS algebra while r, s € Z for the

R algebra. In particular, the five operators Lo, L+; and G4/ generate the

orthosymplectic Lie algebra of the global superconformal group OSp(2,1).
In the simplest instance, logarithmic superconformal operators of weight
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A correspond to a pair of superfields
C(z) =C(2) + Oxc(2) ,
D(z) = D(2) + 0 xp(z) (4.8)

which have operator product expansions with the super energy-momentum
tensor given by [20, 21]

. AC 912 11 012
T(Zl) C(Z2) - (212)2 C(ZQ) + 5 a DZQC(Z2) + 5 8Z2C(22) +.o,
B Ao 015 019 11
T(21) Dla) = T D(as) + %5 Claa) + 5 2= DDl
0
+2209,.D(z5) +... . (4.9)
Z12

Note that C(z) is a primary superfield of the superconformal algebra of di-
mension A¢, which is necessarily an integer [8]. The appropriately normal-
ized superfield D(z) is its quasi-primary logarithmic partner. This latter
assumption, i.e. that [L,,D(z)] = [G,,D(z)] = 0 for n,r > 0, is not neces-
sary, but it will simplify some of the arguments which follow. The operators
C(z) and D(z) correspond to an ordinary logarithmic pair and their su-
perpartners x~(z) and x,(z) are generated through the operator products
with the fermionic supercurrent as (in the Neveu-Schwarz sector of the the-
ory, corresponding to the choice of anti-periodic boundary conditions on the
worldsheet spinor fields)

6006 = Lxew) +...
G(2) D(z) = Zl_/ 2w o) + ... . (4.10)

In particular, in the NS algebra we may write the superpartners as x ~(z) =

[G_1/2,C(2)] and xp(2) = [G_1/2, D(2)].
For later use we give here the component form the N' = 1 supersymmetric

completion of the logarithmic conformal algebra (2.2) and the associated
OPEs. They are

T(2) Glw) = % Glw) +
G(:) Glw) = —éw)3 . 2 —T(w)+ .. (4.11)

1
wawG(w)+... )

z —
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where ¢ = 2¢/3 is the superconformal central charge. We introduce fermionic
fields x and x which are the worldsheet superpartners of the operators
C and D, respectively. The pair (C,x) satisfies the standard algebraic
relations of a primary superconformal multiplet of dimension A, while the
additional relations for x ,, can be obtained by differentiating those involving
X with the formal identification x , = Oxo/0A. The N = 1 logarithmic
superconformal algebra is thereby characterized by the operator product
expansions (2.2), (4.10), and

T() xolw) = S o) + - Buxclw) (1.12)
T xp(0) = s Xolw) + T Xo(w) + T2 () -
G xolw) = (s Clw) + L 0uCu) ..

G2 xp(0) = 1y D) + (o Cl >+1—/2a Dw) +

In addition to the Green’s functions (2.4), the two-point functions involving
the extra fields can also be readily worked out to be

<¢ ) Xy (w > =0, ¢¢'=CD, (4.13)
<Xc > =0,
<><D > = ﬁ (—28¢m(z —w) + €+ Ad) .

Analogous results can be obtained for higher order correlators. It is also
possible to generalize these results to the case where there is more than one
Jordan block. Note that, under the assumption that the logarithmic partner
fields are quasi-primary, any such Jordan block implies the existence of a
Jordan cell for the identity operator, which has vanishing scaling dimension.
Thus, if there exists a Jordan block with A # 0, then there are automatically
at least two Jordan blocks for the logarithmic conformal field theory.
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4.2. Highest- Weight Representations

The quantum Hilbert space H of the superconformal field theory decomposes
into two subspaces,

H = Hns ® Hr , (4.14)

corresponding to the two types of boundary conditions obeyed by the
fermionic fields. They carry the representations of the NS and R algebras,
respectively. In this space, we assume that some of the highest-weight repre-
sentations of the N/ = 1 superconformal algebra are indecomposable [16, 76].
Then a (rank 2) highest-weight Jordan cell of energy A¢ is generated by a
pair of appropriately normalized states |C), |D) obeying the conditions

Lo|C) = Ac|C)

Lo|D) = Ac|D) +C) ,

Lo|C)=LnD) =0, n>0,

GC)=G,D) =0, r>0. (4.15)

A highest-weight representation of the logarithmic superconformal algebra
is then generated by applying the raising operators L,, G, n,r < 0 to
these vectors giving rise to the descendant states of the theory. Note that
|C) is a highest-weight state of the irreducible sub-representation of the
superconformal algebra contained in the Jordan cell.

Neveu-Schwarz Sector

The NS sector Hns of the Hilbert space contains the normalized, OSp(2,1)-
invariant vacuum state |0) which is the unique state of lowest energy A =0
in a unitary theory,

Lol0) =0 . (4.16)

In this sector, the states defined by (4.15) are in a one-to-one correspondence
with the logarithmic operators satisfying the operator product expansions
(4.9). Namely, under the usual operator-state correspondence of local quan-
tum field theory, the superfields C(z) and D(z) are associated with highest
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weight states of energy Ao through

C(0)|0) = |C)ns »
Xc(0)]0) = G_12|C)xs

D(0)[0) = [D)xs »
Xp(0)[0) = G_1/2|D)xs - (4.17)

In this way, the NS sector is formally analogous to an ordinary, bosonic
logarithmic conformal field theory. Note that the vacuum state |0) itself
corresponds to the identity operator I.

Ramond Sector

Things are quite different in the R sector Hg. Consider a highest weight
state |A)g of energy A,

Lo|A)r = A[A)g - (4.18)

From the superconformal algebra (4.7), we see that the operators Ly and
Gy commute in the R sector, so that the supercurrent zero mode G acts
on the highest weight states. As a consequence, the state Go|A)y also has
energy A. Therefore, the highest weight states of the R sector Hyr come
in orthogonal pairs [A)g, Go|A)g of the same energy. Under the operator-
state correspondence, the Ramond highest weight states are created from the
vacuum |0) by the application of spin fields % (z) [73] which are ordinary
conformal fields of dimension A,

SA0)]0) = [A)g
YA (0)]0) = GolA)g - (4.19)

The operator product expansions of the spin fields with the super energy-
momentum tensor may be computed from (4.18) and (4.19) and are given
by

1
= — Y% (w) + mawzi(w) +.o, (4.20)

% o Tal) (4.21)
1
2

G(2) S5 (w) = (A_ﬁ> ng(ww... L (422)
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where we have used the super-Virasoro algebra (4.7) to write

A~

2 C
Gi=Lg— — . 4.2
0 0~ 16 (4.23)

The operator product (4.20) merely states that Ei(z) is a dimension A pri-
mary field of the ordinary, bosonic Virasoro algebra, while (4.21) and (4.22)
show that the fermionic supercurrent G(z) is double-valued with respect to
the spin fields, since they are equivalent to the monodromy conditions

G(e®™ 2) 3% (w) = —G(2) 2% (w) . (4.24)

It follows that Ramond boundary conditions can be regarded as due to a
branch cut in the complex plane connecting the spin fields Ei(z) at z =0
and z = oo. The spin fields make the entire superconformal field theory
non-local, and correspond to the irreducible representations of the Ramond
algebra. Note that the ordinary superfields are block diagonal with respect
to the decomposition (4.14), i.e. they are operators on Hns — Hns and
‘Hr — HRg, while the spin fields Ei : Hns — Hg are block off-diagonal.

The spin fields Zi(z) do not affect the integer weight fields C(z) and
D(z), while their operator product expansions with the fermionic partners
to the logarithmic operators in the R sector are given by

Yel(2) Tk (w) = ﬁ SRR

\/zl__w SHaw) 4. (4.25)

Xp(2) B3 (w) =

The relations (4.25) define two different excited twist fields ig A(z) and

ii A(2) which are conjugate to the spin fields % (z). They are also double-
valued with respect to x . and xp, respectively, and they each act within
the Ramond sector as operators on Hns — Hgr. The relative non-locality
of the operator product expansions (4.25) yields the global Zs-twists in the
boundary conditions required of the R sector fermionic fields.

While ig A(2) are primary fields of conformal dimension Ac + A, the

conjugate spin fields ich A (%) exhibit logarithmic mixing behavior. This can
be seen explicitly by applying the operator product expansions to both sides
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of (4.25) using (4.9) and (4.20)—(4.22) to get

1) 5E alw) = CES TE A 0) + = ASE A+, (426)
()Ej[:)A( )= % j[:)A( )‘f'ﬁiaa(w)

- ! 0T Aw) (4.27)

(4.28)

G(2) S5 A (w) %miaA(w)—i—... , (4.29)

G(2) S p(w) = % <A— 1—6> mih(u}H--- O (4.30)

G(2) Sha(w) = % m S5 a(w) + . (4.31)

G(2) Spa (w) :% <A— 1%) mih(ww... R

The operator product expansions (4.26) and (4.28) yield a pair of ordinary,
bosonic logarithmic conformal algebras, while (4.29)—(4.32) show that both
EC A(2) and ZE A(z) twist the fermionic supercurrent G(2) in exactly the
same way that the orlglnal spin fields Ei( ) do. In particular, the set of
degenerate spin fields Ec A(2), 235 A(2) generate a pair of reducible but
indecomposable representations (4.15) of the R algebra, of the same shifted
weight A¢ + A. The corresponding excited highest-weight states |C, A)ﬁ,
|D, A>§ of the mutually orthogonal degenerate Jordan blocks for the action
of the Virasoro operator Ly on Hgr are created from the NS ground state
through the application of the logarithmic spin operators as

SeA0]0) = [C,A)E
>3 A(0)10) = [D,A)E (4.33)
with
Lo|C, A)E = (Ac + A)|C,A)E
Lo|D,AYE = (Ac + A)|D, A)E + |0, A)E (4.34)

In the following we will be primarily interested in the spin fields associ-
ated with the Ramond ground state |A) which is defined by the condition
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Go|A)g = 0. This lifts the degeneracy of the highest weight representation
which by (4.23) necessarily has dimension A = ¢/16, corresponding to the
lowest energy in a unitary theory whereby G% > 0. In this case, the Ramond
state Go|A)g is a null vector and the R sector contains a single copy of the
logarithmic superconformal algebra, as in the NS sector. We will return to
the issue of logarithmic null vectors within this context in section 4.4. The
spin field Eé_/w(z) is then an irrelevant operator and may be set to zero, while

the other spin field will be simply denoted by 3(z) = Eér/lﬁ(z). The spin field

Y.(z) corresponds to the unique supersymmetric ground state \1—66>R of the
Ramond system, with supersymmetry generator Gy, in the logarithmic su-

perconformal field theory. Similarly, we may set X é/16(2) =X é/16(2) =0,
and we denote the remaining excited spin fields simply by S¢(z) = ig s /16(2)
and Xp(z) = if)’é/lﬁ(z).

4.3. Correlation Functions

Carrying on with an abstract logarithmic superconformal algebra, we shall
now describe the structure of logarithmic correlation functions in both the
NS and R sectors. In particular, we will determine all two-point correlators
involving the various logarithmic operators.

4.3.1. Ward Identities and Neveu-Schwarz Correlation Functions

In the NS sector, we define the correlator of any periodic operator O as its
vacuum expectation value

(O)xs = (0[0O]0) - (4.35)

Such correlators of logarithmic operators, and their descendants, may be de-
rived as follows. Consider a collection of Jordan blocks in the superconfor-
mal field theory of rank 2, weight A¢,, and spanning logarithmic superfields
Ci(z), Dj(z). Then, in the standard way, we may deduce from the operator
product expansions (4.9) the superconformal Ward identities

<T(Z) Cn(zn) - Cotk(Zntk) D (W) - -- Dm+l(Wm+l)>NS (4.36)
n+k
- 11 00, Ac. (60— 6;)
B <; [2 z—zi—HHiDZi+z—zi—00iazi+ (z—zi—eé?i)?]

m-+l
1 1 0 — G Ac,; (0 —G)
+§n[2Z—wi—HCz’DWiJFZ—wi—@CiawiJr(Z—wz'—efz')z
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X <Cn(zn) o Gy (Znak) Din(win) - -+ Dm+l(Wm+l)>NS

" Z (z — - _ ¢ )2 <C"(Z") o Gy (Znsr)

X Dy (Wa) -+ - D1 (wiz1) Ci(wi) Dipr (Wigr) - - - Dm+l(Wm+l)>Nsy

where the supercoordinates in (4.37) are z = (z,0), z; = (z;,0;) and
w; = (w4, ;). These identities can be used to derive correlation functions
of descendants of the logarithmic operators in terms of those involving the
original superfields C; and D;. Notice, in particular, that the Ward identity
connects amplitudes of the descendants of D; with amplitudes involving the
primary superfields C;.

By expanding the super energy-momentum tensor into modes using (4.6)
we may equate the coefficients on both sides of (4.37) corresponding to the
actions of the OSp(2,1) generators Lo, Li1 and G4,/5. By using global
superconformal invariance of the vacuum state |0), we then arrive at a set
of superfield differential equations

m+l
(Z Dzl +Z le> < Zn . Cn—l-k (Zn—l—k) Dm (Wm) T Dm+l (Wm+l)> ’

NS

n+k m+l
0= (Z [ Ds, + 000, + 280, | + 3 [wi Do, + G0, + 2A0i]>

i=n i=m

X <Cn(zn) o Cog(Znar) Din(wip) - -+ Dm+l(Wm+l)>NS

m-+l

+2 Z<C Zn : n-i-k(zn-i-k)

X Do (Win) -+ - Di—1(wi—1) Ci(w;) Digr(wigp) -+ Dm+l(Wm+l)>NS ,

n+k m+l
0= (Z 27 Doy + 2 (6: 09, + 20¢,)] + > [w] D, + wi (G O, + 2Aci>])

=n =m

X <Cn(zn) o Cogk(Znar) Din(win) - -+ Dm+l(Wm+l)>NS

m—+l
+2 Z Wi < n : Cn-i—k(zn-i-k)

X Do (Win ) - <+ Diz1(wi—1) Ci(wi) Diga(Wiga) - - Dm+l(Wm+l)>NS' (4.37)
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These equations can be used to determine the general structure of the loga-
rithmic correlators.

For the two-point correlation functions of the logarithmic superfields one
finds [20]

<C(zl) C(Z2)> ~0, (4.38)

NS

(Canpe) = (P Cen) = omr - (439
<D(zl) D(22)>NS - m (—2bln212 + d> , (4.40)

where the constant b is fixed by the leading logarithmic divergence of the
conformal blocks of the theory (equivalently by the normalization of the D
operator), and the integration constant d can be changed by the field redefi-
nitions D(z) — D(z) + A C(z) which are induced by the scale transformations
z+— e z. In particular, the equality of two-point functions in (4.39) imme-
diately implies that the conformal dimension A of the logarithmic pair is
necessarily an integer [8]. For the three-point functions one gets [20]

<C(zl) C(z2) C(Z3)> ~0, (4.41)

NS
<C(Zl) Clez) D(Z3)>NS N (z12)A¢c (2131)AC (z23)R¢ <b1 + 0 0123) » (442)
1

(C(z1)D(2:) D(zs) )

NS (212)2¢ (z13)5¢ (z3)5¢
X (bg + B9 0103 — 2(b1 + 5 9123) In 223> , (4.43)

1
(D) D@ D)) = s e (o

— (ba + B2 0123) Inz12 213 293 + (b1 + (1 O123) (2 Inziplnz3

Ao [bs + O3 0123

+ 2Inz19Inzos + 2Inzy3lnz93 — In? Z19 — In? Z13 — In? 223)] , (444)

where b; and (; are undetermined Grassmann even and odd constants, re-
spectively, and we have generally defined

1
Oijh = ————— (0231 + 0 25i + O 235 + 010,01 ) - 4.45
ijk m i Zjk T 052k + 025 + 0,050 ( )
The remaining three-point correlation functions can be obtained via cyclic
permutation of the superfields in (4.42) and (4.43). The general form of the
four-point functions may also be found in [20].
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4.3.2. Ramond Correlation Functions

In the R sector, we define the correlator of any operator O to be its normal-
ized expectation value in the supersymmetric Ramond ground state,

{0[X(0) 0 %(0)[0)

(O)y, = , (4.46)
T {0[E(00) £(0)]0)
where we have used the standard asymptotic out-state definition
(0]2(c0) = lim (0|%(2) 2°/8 (4.47)

and the fact that the spin field 3(z) is a primary field of the ordinary Virasoro
algebra of dimension A = ¢/16. In particular, the two-point function of the
(appropriately normalized) spin operator is given by

1

(0[X(2) B(w)|0) = o —w)ils

(4.48)

Since 3(z) does not act on the bosonic fields C(z) and D(z), their R sector
correlation functions coincide with those of the NS sector, i.e. with those
of an ordinary logarithmic conformal field theory. In particular, for the
two-point functions we find [6-8]

<C(z)C(w)> ~0,

R
(c@Dw), = (PE)CW) | = s
(o D), = a9

For the correlation functions of the fermionic fields, we proceed as follows.
Let us introduce the function

(01%(21) x¢(2) X (w) 35(22)0)
(01 (21) 3(22)10) '

9oz, w|z1, 22) = (4.50)

All fields appearing in (4.50) behave as ordinary primary fields
under the action of the Virasoro algebra. The Green’s func-
tion (4.50) can therefore be evaluated using standard conformal
field theoretic methods [82]. It obeys the asymptotic conditions
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go(z,w|z1,20) ~0+... as z—w, (4.51)
L) s (29)[0
_ﬁ< Xe(z1) xo(w) X(22)[0) +... as z— 21,
(4.52)
(21 — 2p)%/® ~
~ BV 0|1Z(z1) xo(w) X (22)[0) + ...  as z— z2.
(4.53)

The first condition (4.51) arises from the fact that the short distance be-
havior of the quantum field theory is independent of the global boundary
conditions, so that in the limit z — w the function (4.50) should coin-
cide with the corresponding Neveu-Schwarz two-point function determined
in (4.38), i.e. (x(2) xo(w))xg = 0. The local monodromy conditions (4.52)
and (4.53) follow from the operator product expansions (4.25). In addition,
by Fermi statistics the Green’s function (4.50) must be antisymmetric under
the exchange of its arguments z and w,

9oz, w|z1, 22) = —go(w, 2|21, 22) . (4.54)

By translation invariance, the conditions (4.51) and (4.54) are solved by
any odd analytic function f of z—w. Since the correlators appearing in (4.52)
and (4.53) involve only ordinary, primary conformal fields, global conformal
invariance dictates that the function f(z—w) must multiply a quantity which
is a function only of the SL(2, C)-invariant anharmonic ratio x of the four
points of g-(z,w|z1,22) given by

_ (z — z1)(w — z9)
(z—22)(w—21)

(4.55)

By conformal invariance, the odd analytic function f(z — w) is therefore
identically 0, and hence

9oz, w|z1,22) =0 . (4.56)

Using this result we can determine a number of correlation functions.
Setting z; = 0o and 2z = 0 gives the Ramond correlator

(xe (@) xew)), =0 (457)

From (4.53) and (4.56) we obtain in addition the vanishing mixed correlator

(0] (21) xe(22) E(23)|0) = 0 . (4.58)
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Fusing together the fields ¥(2;) and x(22) in (4.58) using (4.25) then gives
the conjugate spin-spin correlator

(0S¢ (2) Sc(w)]0) =0 . (4.59)

The vanishing of the icic correlation function is consistent with the fact
that the excited spin field i‘,(;(z) obeys the logarithmic conformal algebra
(4.26,4.28) [6-8].

Next, let us consider the function

(013(21) X (2) xp(w) E(22)|0)

(0]%(21) X(22)]0) (4.60)

9p(z,wlz1, 22) =

The action of the Virasoro algebra in (4.60) does not produce any additional
terms from the logarithmic mixing of the fermionic field x ,,(w), because of
the vanishing property (4.56). Therefore, this function can also be evaluated
as if the theory were an ordinary conformal field theory [82]. Using (4.25)
and (4.39) the asymptotic conditions (4.51)—(4.53) are now replaced with

gp(z,w|z1, 229) ~ (2 — w)2ho+1 T 8 zow, (4.61)
~ O S xp ) D)) w2

(4.62)

~ % (OIZ(21) xp(w) Zo(22)|0) +...  as 2 — 2,

(4.63)

~ O S e xS0 £ s w

(4.64)

~ % (0IZ(21) xo(2) Ep(22)[0) + ... as w— 2.

(4.65)

Again, from (4.58) it follows that the correlators in (4.62)—(4.65) involv-
ing a single logarithmic operator can be treated as an ordinary conformal
correlator for primary fields. In particular, we can treat (4.60) as a correlator
for two identical conformal fermion fields of dimension A +% and require it
to be antisymmetric under exchange of z and w, as in (4.54). This property
follows from the fact that the local NS correlator (4.61) is antisymmetric in
z and w and this feature should extend globally in the quantum field theory.
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)220 g (2, w21, 22) s
a function only of the anharmonic ratio (4.55). The precise dependence on
x is uniquely determined by the boundary conditions (4.61)—(4.65) and the
antisymmetry of g, and we find f

Again, by SL(2,C)-invariance the quantity (z — w

.gD(za ’lU|Zl, ZQ)
_ Ach (z — 2z1)(w — 22) N (z — 2z9)(w — 21) (466)
(z —w)?hctl (z — 22)(w — 21) (z — 21)(w — 229)
By taking various limits of (4.66) we can generate another set of cor-
relation functions for Ramond sector operators. In the simultaneous limit

z1 — oo and zz — 0, the function (4.66) yields the Ramond two-point cor-
relators

<Xc(2’) XD(w)>R = - <XD(Z) Xc(w)>R = e _AC2bAc+1 <\/7 \/7 >

(4.67)

Note that the term in parentheses has branch cuts at z = 0,00 and w = 0, oo,
yielding the antiperiodic boundary conditions on the spinor fields as they
circle around the origin in the complex plane and across the cut connecting
the spin operators ¥(0) and 3(00) in (4.46). Taking the limits z — 21, 22 and
w — 21,22 in (4.66) and comparing with (4.62)(4.65) yields the correlation

functions
~ iAch
<0‘EC’(21) XD(Z2) 2(23)’0> = (Zl — z2)2AC+1/2 (zl _Cz3)é/8—1/2 /722 ——
—(013p(21) X (22) B(23)]0) - (4.68)

Fusing ¥(z3) with x(22) and x(22) in (4.68) using (4.25) then yields the

f To show explicitly that (4.66) is the unique function of z and w with the desired properties, we

write it as

(z—z1)(w — 2z2) + (2 — 22)(w — 21) Acb
V(E—21)(z = 22)(w—z21)(w —22) (z—w)2Rotl

The first factor here gives the correct behavior for g, as z,w — 21, 22, while the second factor is

gD(Z’w|Z1722) =

the required pole at z = w of order 2A ¢ + 1. The overall factor is then chosen so that the residue
of the pole is 2A ¢ b and such that it cancels the lower order poles arising from the first factor in
the limit z — w, and by further requiring that the overall combination be antisymmetric in z and

w.
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spin-spin correlators

iAch
(2 _ w)2Ac+é/8 '

(01Zc(2) Ep(w)|0) = — (0[Ep(2) Ec (w)|0) =

(4.69)

Note that the logarithmic pair ic,i[) does not have the canonical two-
point functions of a logarithmic conformal field theory (see (4.49)). This
is because the excited spin fields of the theory are not bosonic fields, but
are rather given by non-local operators which interpolate between different
sectors of the quantum Hilbert space and which satisfy, in addition to the
logarithmic algebra, a supersymmetry algebra. In fact, their correlators
are almost identical in form to the correlation functions of the logarithmic
superpartners x, xp [21].

Finally, we need to compute the DD type correlators. The above tech-
niques do not directly apply because Green’s functions with two or more log-
arithmic operator insertions will not transform covariantly under the action
of the Virasoro algebra. However, we may obtain the DD type correlators
from the mixed C'D type ones above by the following trick [20,21,83]. We
regard A¢ as a continuous weight and note that the logarithmic superconfor-
mal algebra can be simply obtained by writing down the standard conformal
operator product expansions for the C' type operators, and then differenti-
ating them with respect to A to obtain the D type ones with the formal
identifications D = 0C/0A¢, xp = Ox/0Ac and Sp = 82(;/8Ac Since
the basic spin fields X(z) do not depend on the conformal dimension A,
we can differentiate the correlation functions (4.67)—(4.69) to get the desired
Green’s functions. In doing so we regard the parameter b as an analytic
function of the weight A¢ and define d = 9b/0A¢. In this way we arrive at
the correlators

<XD(Z) XD(w)>R = " Ac(z(d_ ?:Ah;-fl_ (\/7 \/g ) ’

b+ Ac (d —2bIn(z — 22)>

i(21 — 20)280T1/2 (z) — 23)¢/871/2 \ Jzy — 25’

b+ Ac <d ~ 2bIn(z — w))
B i(z — w)2hc+éf8

(01Zp(21) xp(22) B(23)]0) = —

(01%p(2) Ep(w)[0) = (4.70)

In a completely analogous way, we may easily determine the vanishing



September 2, 2004 9:45 WSPC/Trim Size: 9.75in x 6.5in for Proceedings mavromatos

1334 N.E. Mavromatos

two-point correlation functions
(6= x(@)) = 0 = (O (2)d() D()l0) . (4T1)

where ¢ and ¢’ label either of the two fields C' or D. The present technique
unfortunately does not directly determine higher order correlation functions
of the fields. As they will not be required in what follows, we will not pursue
that issue in this paper.

4.4. Null Vectors, Hidden Symmetries and Spin Models

It has been suggested [21] that, in the limit Ac = 0, the fermionic field x~(z)
in (4.8) may be a null field, since its two-point correlation functions with all
other logarithmic fields vanish for zero conformal dimension. Furthermore,
the logarithmic scaling violations in the fermionic two-point functions in-
volving the field x ,(z) disappear in this limit. While this latter property is
certainly true for all Green’s functions of the conformal field theory, a quick
examination of the three-point correlators (4.41) and (4.42) shows that x ~(2)
is mot a null field if B; # 0. The situation is completely analogous to what
happens generically to its superpartner C'(z). Since the primary field C(z)
creates a zero-norm state, and since Ag € 7Z, there is a new hidden con-
tinuous symmetry in the theory [8] generated by the conserved holomorphic
current C'(z), which is a symmetric tensor of rank Ac. For A¢ = 0, the
extra couplings of the x field for 8; # 0 show that it corresponds to a
non-trivial, dynamical fermionic symmetry of the logarithmic superconfor-
mal field theory. In fact, in the R sector the structure of these continuous
symmetries is even richer, given that the excited spin field ic(z) also cre-
ates a zero-norm state in the logarithmic superconformal field theory, and
that it has vanishing two-point functions for A¢ = 0. In ¢ # 0 theories
where the bosonic energy-momentum tensor 7'(z) has a logarithmic part-
ner, the identity operator I generates a Jordan cell with Ac = 0 [75] and
the zero-norm state is the vacuum, (0|0) = 0. In this case, of course, the
fermion field x;(z) = 0 is trivially a null field, and its partner x ,(z) is an
ordinary, non-logarithmic primary field of the Virasoro algebra of conformal
dimension % Similarly, in this case ic(z) = 0, while ¥ p(z) is an ordinary,
non-logarithmic twist field of weight ¢/16.

In the Ramond sector, there are natural ways to generate null states for
any Ac. One way is to build the representation of the Ramond algebra from
the supersymmetric ground state ]1—06> r as described at the end of section 4.2.
Another way is to introduce the fermion parity operator I' = (—l)F , Where
F' is the fermion number operator of the superconformal field theory. The
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operator I' commutes with integer spin fields and anticommutes with half-
integer spin fields. It defines an inner automorphism 7 : C — C of the
maximally extended chiral symmetry algebra C of the superconformal field
theory, such that there is an exact sequence of vector spaces

0 —C" —C—C — 0, m(CH)==+C*. (4.72)

Under the operator-state correspondence, this determines a fermion parity
grading of the Hilbert space of states as

H=H"oH , TH =+H". (4.73)

Since Gg reverses chirality, the paired Ramond ground states have opposite
chirality,

['2%(0)[0) = + 2%(0)[0) . (4.74)

The opposite chirality spin fields Ei(z) are non-local with respect to each
other (c.f. (4.21) and (4.22)). In a unitary theory, whereby G2 > 0, all
A = ¢/16 states are chirally asymmetric highest-weight states, since the
state Go|A)g is then a null vector in the Hilbert space. On the other hand,
the orthogonal projection %(1 +T): H — H" onto states of even fermion
parity I' = 1 eliminates the spin field ¥, (2) and gives a local field theory
which is customarily referred to as a “spin model” [73]. The fields of the spin
model live in the local chiral algebra C*. This projection eliminates G(z)
and the other half-integer weight fields. When combined with the projection
onto Gg = 0 it gives the “GSO projection” which will be important in the
D-brane applications of the next section.

The main significance of the chiral subalgebra restriction % (14+7mp):C—
C™ is that the fermionic fields of the superconformal field theory can be re-
constructed from the I' = 1 spin fields 3(z), at least in the examples that we
consider in this paper. In an analogous way, the logarithmic superpartners
Xc(2) and xp(z) can be reconstructed from the I' = 1 excited spin fields
ic(z) and ¥ p(z). By supersymmetry, this yields the bosonic partners C(z)
and D(z), and so in this way the spin model determines the entire logarith-
mic superconformal field theory. In fact, the spin field ¥(z) can be uniquely
constructed from the underlying chiral current algebra generated by cur-
rents which are formed by the primary fermionic fields of the theory [84].
The fermionic current algebra will thereby completely determine the entire
logarithmic superconformal field theory.
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5. The Recoil Problem in Superstring Theory

In the remainder of this paper we will consider a concrete model to illustrate
the above formalism explicitly. This example will also serve to describe some
of the basic constructions of logarithmic spin operators and will illustrate the
applicability of the superconformal logarithmic formalism. In this section we
will discuss the logarithmic superconformal field theory that describes the
recoil of a D-particle in string theory [1,2,21]. This is the simplest exam-
ple which serves to illustrate the formalism, but also captures the essential
features of the general theory of the previous section in a very simple set-
ting. Moreover, for our purposes here, we shall use it as a concrete case
of demonstration of the consistency within the superstring formalism of the
identification of time with a world-sheet renormalization group (Liouville)
scale [4,5].

5.1. Supersymmetric Impulse Operators

We will now derive the N/ = 1 supersymmetric completion of the impulse
operator (2.5,2.6). For this, we introduce 2 x 2 Dirac matrices p%, a = 1,2,
and real two-component Majorana fermion fields ¢)* which are the worldsheet
superpartners of the string embedding fields x#. A convenient basis for the
worldsheet spinors is given by

)0y e

in which the fermion fields decompose as
1/}5)
# = . 5.2
= (i 2
The fields (5.2) obey the boundary conditions ¢/ |ss, = 4" |sx, where
the sign depends on whether they belong to the Ramond or Neveu-Schwarz
sector of the worldsheet theory. The global worldsheet supersymmetry is

determined by the supercharge Q which generates the infinitesimal N' = 1
supersymmetry transformations

[Q, m”} =,
{Q, W‘} = —ip® Opat . (5.3)

The fermionic fields ¢ (z) have conformal dimension %, and from (5.3)
it follows that the superpartner of the tachyon vertex operator o wr? g
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. O . .
va! w¢9r e so that in the Neveu-Schwarz sector we may write

; vaw/2 ,
G(z) ewr’(w) — 7/ zpi(w) eiwr®(w) 4 (5.4)
z—w
In what follows it will be important to note the factor of v/ &' w that appears
in the supersymmetry transformation (5.4). Because of it, and the fact that
the tachyon vertex operator has conformal dimension o’w?/2, the inverse
transformation is given by
Vo w/2

wx” (w iwz” (w i 2\/J wx” (w
G(2)¢Y (w)e °( )Zme Ow)y i—w <8wx0(w))e RCONE

(5.5)

To compute the superpartners of the logarithmic pair (2.7), we use (2.8)
and (5.4) to write

e (/)32 [4mi b
G(2) Co(w) = M T/Jg(w)/

Z—w

dw 0
. : iwz® (w)
R [(w ze)+ze}e +.o...

o (5.6)

In the first term of the integrand in (5.6) there is no pole and so after contour
integration it vanishes. Formally it is a delta functional 6(x"(w)) which we
neglect since we are interested here in only the asymptotic time-dependence
of string solitons. Then, only the second term contributes, and comparing
with (4.10) we find

xe, (2%, 9°) = ieCe(a) ¥ (5.7)

Similarly, we have

G(z) De(w) = — g/iﬂ wg(w)/ ® %;6)2 [(w —ie) + ie} elwr®(w)
oo (5.8)
which using (4.10) gives
o, (2,0 =i (Dala) - Gl ) o8 5.9)

The operators (5.7) and (5.9) have conformal dimension A, + 3.
Now it is straightforward to check that the remaining relations of the
N = 1 logarithmic superconformal algebra are satisfied. By using (2.2),
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(2.9), (5.7) and (5.9), it is easy to verify the first two operator product ex-
pansions of (4.13) in this case. For the operator products with the fermionic
supercurrent, we use in addition the Fourier integral (2.8) along with (5.5)
to get

G ve, ) =~ [ S [ i e

— 00

1
z p—
o €2/2 1

S E—— Ce(w) + ——— duxc (W) + ... (5.10)

+ wawxce(w)+...

o0

G(z) XDe(w):—(\Z/?/;l;;/wd_wiE [((u)—ie)—l—i&)+wi_ez,6 ((w—ie)+ie>}

. 1
x e iwz’(w) | ) ...
€  —w wXDe(w)

o a/62

which also agree with (4.13) in this case.
For the two-point correlation functions (4.14), we use the fermionic
Green’s function in the upper half-plane,

()2 (w)) = (512

Z—w

and the fact that bosonic and fermionic field correlators factorize from each
other in the free superconformal o-model on 3. The first set of relations
in (4.14) are then satisfied in this case because (1) (z)) = 0. The second
relation holds to order e* since A, o €2 and (C,(2)Ce(w)) = 0 to order €2. For
the remaining correlators, we use (2.4), (5.7), (5.9), (5.12) and factorization
to compute
2
<Xc€(2) XDe(w)> = —ﬁ ) (5.13)

(0,61 X0, 00) = —zar |~ (26 MG - w) 4.

which upon using (2.9) are also seen to agree with (4.14). Therefore, the
supersymmetric extensions (5.7) and (5.9) of the impulse operators (2.7) give
precisely the right combinations of operators that generate the full algebraic
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structure of a logarithmic superconformal field theory. This yields a non-
trivial realization of the supersymmetric completion of the previous section,
and illustrates the overall consistency of the impulse operators describing
the dynamics of D-branes in closed string scattering states.

To recapitulate: we considered above the superconformal field theory
defined by the classical worldsheet action

1 S — 1 .
= — Z M —_ — . . ?
Spo = 5- / dz dz 0 df Dy x" Dox, — jé dr 4o (y Ce + u; DE> DX,
(5.14)
where x*(z,z) = x*(z) + x*(z ) and x*(z) is the chiral scalar superfield
x(z) = a(z) + 09"(2) (5.15)

whose Neveu-Schwarz two-point functions are given by
<X“(21)X”(22)>NS =—0" Inzy . (5.16)

Here z#, u = 1,...,10 are maps from the upper complex half-plane C
into ten dimensional Fuclidean space ]Rlo, and * are their spin % fermionic
superpartners that transform in the vector representation of SO(10) and
each of which is a Majorana-Weyl spinor in two-dimensions. We will iden-
tify the coordinate 2'? as the Euclidean time (obtained from our previously
described 2 by analytic continuation), while 2, i = 1,...,9 lie along the
spatial directions in the target space of the open strings. As in the previous
section, we concentrate on the chiral sector of the worldsheet field theory
with superfields (5.15). The chiral super energy-momentum tensor is given
by

T(z) = —% Do (2) 0.3, (2) (5.17)

The reasons for working with Euclidean spacetime signature are technical.
First of all, it is easier to deal with spinor representations of the Euclidean
group SO(10) than with those of the Lorentz group SO(9,1). In the former
case all of the " are treated on equal footing and one is free from the
possible complications arising from the time-like nature of %, which would
otherwise imply a special role for its superpartner 1/° [85]. Secondly, for the
recoil problem, Euclidean target spaces are necessary to ensure convergence
of worldsheet correlation functions among the logarithmic operators [1]. For
calculational definiteness and convenience of the worldsheet path integrals,
we shall therefore adopt a Euclidean signature convention in the following.
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The second term in the action (5.14) is a marginal deformation of the
free ¢ = 10 superconformal field theory by the vertex operator describing
the recoil, within an impulse approximation, of a non-relativistic D-brane in
target space due to its interaction with closed string scattering states [11],
[2]. Tt is the appropriate operator to use when regarding the branes as
string solitons. The coordinate 7 parametrizes the boundary of the upper
half-plane, and ¥ is a real Grassmann coordinate. The fields in this part
of the action are understood to be restricted to the worldsheet boundary.
The coupling constants y; and u; are interpreted as the initial position and
constant velocity of the D-particle, respectively, and the subscript L denotes
differentiation in the direction normal to the boundary of C,. The recoil
operators are given by chiral superfields C(z) and D.(z) whose components
are defined in terms of superpositions over tachyon vertex operators e iqa!?(2)
in the time direction as [21]

_ ¢ [ dg iq210(2)
CE(Z)_47Ti q—ie ¢ ’
Xc.(2) = 1€Ce(2) @ 9"(2) ,
1 b dg URT
D.(2) = — — e SRS ¥/ A )
(2) 21 (q— ie)? ¢ ’
2
Xp.(2) =i (e D(z) — - Oe(z)> @ 10(2) . (5.18)

Here and in the following, singular operator products taken at coincident
points are always understood to be normal ordered according to the pre-
scription

dw O(w)O'(2) .

2mi w—z

(5.19)

The target space regularization parameter ¢ — 07 is related to the world-
sheet ultraviolet cutoff A — 0 by

. —InA. (5.20)

2
€
In this limit, careful computations [1,21] establish that, to leading orders in
€, the superfield recoil operators (5.18) satisfy the relations (4.9) and (4.38)—
(4.40) of the N = 1 logarithmic superconformal algebra in the NS sector of
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the worldsheet field theory, with

Ace — _Z ;
71.3/2

b=
71.3/2

In the following we will describe how to incorporate the Ramond sector of
this system properly.

5.2. Superspace Formalism

We will now derive the explicit form of the supersymmetric extension of
the impulse vertex operator (2.5,2.6). For this, we consider the Wilson loop
operator

1
WI[A] = exp Z'?{A“(ZL') dxt = exp i/dT (1) Ay (:E(T):| . (5.22)
) 0

where A, is a U(1) gauge field in ten dimensions, and &#(7) = dx#(7)/d.
T-duality maps the operator (5.22) onto the vertex operator (2.5) for a mov-
ing D-brane by the rule d,z* — in? €a 042" and the resulting replacement
of Neumann boundary conditions for 2¢ by Dirichlet ones. The spatial com-
ponents of the Chan-Paton gauge field map onto the brane trajectory as
A; =Y;/2rd/, while the temporal component Ay becomes a U(1) gauge field
on the D-particle worldline.

The minimal A/ = 1 worldsheet supersymmetric extension of the operator
(5.22) is given by

1
Wi v =W oo (=5 [dr BT 00Y) . 62
0

where [, is the corresponding gauge field strength tensor. For the recoil
trajectory (2.6), an elementary computation using the contour integration
techniques outlined in the previous section gives Fj; = 0 and

) &?ﬁjo) i [yiece(l‘o) . <€D€(xo) - i/ce(g;()))] .

(5.24)

FOZ' (ZL'O)
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This shows that, in the T-dual Neumann picture, the canonical supersym-
metric extension of the U(1) Wilson loop operator (5.23) yields precisely the
couplings to the operators x and xp that were computed in the previous
section from the supersymmetric completion of the worldsheet logarithmic
conformal algebra.

T-duality acts on the worldsheet fermion fields (5.2) by reversing the sign
of their right-moving components 1" . By using (5.23,5.24) we may thereby
write down the supersymmetric extension of the impulse operator for moving
DO-branes,

ysusy exp [ —
D 2mra

1
L 0/ ar { [y C(a°(7)) +us D (2°(7) | .2 (7)

+[mxe. (220, ¥°0) +wixp, (), v wim}) ,
(5.25)

where we have dropped the 4 subscripts on the fermion fields in (5.2), and
the logarithmic superconformal operators in (5.25) are given by (2.7), (5.7)
and (5.9). The vertex operator (5.25) can be expressed in a more compact
form which makes its supersymmetry manifest. For this, we extend the
disc ¥ to an N/ = 1 super-Riemann surface 3 with coordinates (Z,7) =
(2,0,2,0), where 6 is a complex Grassmann variable, and with corresponding
superspace covariant derivatives Dy = Jp + 0 0,. Given a bosonic field ¢(z)
with superpartner y ¢(z), we introduce the chiral worldsheet superfields

Py(z,0) = o(2) + 9X¢(z) , (5.26)

and correspondingly we make the embedding space of the superstring an N' =
1 superspace with chiral scalar superfields X?(z,6) = 2%(z) + 0¢%(z). Then
the impulse operator (5.25) can be written in a manifestly supersymmetric
form in terms of superspace quantities as

1 .
V™ = exp [— — 74 dr 9 (i ®, (7,6) + wi ®p, (7.0) ) DLX’(T,H)] ,

o8
(5.27)

where in (5.27) the Grassmann coordinate 6 is real.
In fact, the algebraic relations of the logarithmic superconformal algebra
can be most elegantly expressed in superspace notation. For this, we intro-
duce the super-stress tensor 7 (Z) = G(z)+6T(z), and define the quantities
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Z19 = 21— 29— 0105 and 019 = 61 — 05 corresponding to a pair of holomorphic
superspace coordinates 7y = (z1,61) and Zy = (z2,62). Then the operator
product expansions (4.3), (2.2) and (4.11)—(4.13) can also be written in terms
of superspace quantities as

T(2) T(2)= f%ﬁ T(Za) 51 DT (Zo)+ P2 0T (Za) ...

T(Z1) ®c(Zy) = 9(123)/22 <1>C(Z2)+1ZL§ 1>Z2<I>C(ZQ)+%22 02 ®c(Z2)+. ..

T(Z1) ®p(Zs) = 9(1;3/22 ®p(Zs) + (921;/ )22 e (Z)
+1ZL1§DZZ<I>D(ZQ)+%822¢D(22)+... : (5.28)

while the two-point functions (4.14) may be expressed as

<<I>C(Zl)<1>c(22)> ~0,

(ve(z) ®o(22)) = 75
(@p(2)) p(22)) = ﬁ (~261n 2z + ). (5.29)

This superspace formalism also generalizes to the construction of higher-
order correlation functions which are built from appropriate coordinate in-
variants of the supergroup OSp(1]2). It emphasizes how the impulse oper-
ator (5.27), and the ensuing logarithmic algebra (5.28,5.29), is the natural
supersymmetrization of the recoil operators for D-branes.

A remark is in order here concerning the behavior of the superconformal
partners of the recoil operators under the changes of the scale €2. By using
(5.7), (5.9), (2.15) and (2.16), we see that the superconformal partners of
the logarithmic operators are scale-invariant to order €2,

Xc, =Xc.» XD, = XD, - (5.30)

The invariance property (5.30) can also be deduced from the scale indepen-
dence to order €2 of the two-point correlators (4.14), in which the scale de-
pendent constant d. appears only in the invariant combination A.d. ~ O(e).
This means that the operator (5.25) describes the evolution of the DO-brane
in target space with respect to only the ordinary, bosonic Galilean group.
In other words, if we introduce a superspace and worldsheet superfields as
in (5.26), then a worldsheet scale transformation in the present case acts
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only on the bosonic part of the superspace. This property is of course very
particular to the explicit scale dependence of the recoil superpartners (5.9)
in the logarithmic superconformal algebra.

The fact that the super-Galilean group is not represented in the non-
relativistic dynamics of D-branes is merely a reflection of the fact that the
motion of the brane explicitly breaks target space supersymmetry. Indeed,
while the deformed o-model that we have been working with possesses N = 1
worldsheet supersymmetry, it is only after the appropriate sum over world-
sheet spin structures and the GSO projection that it has the possibility of
possessing spacetime supersymmetry. To understand better the breaking of
target space supersymmetry within the present formalism, we now appeal
to an explicit spacetime supersymmetrization of the Wilson loop operator
(5.22). This will produce a Green-Schwarz representation of the spacetime
supersymmetric impulse operator in the dual Neumann picture, and also
yield a physical interpretation of the supersymmetric vertex operator (5.25).

For this, we regard the Chan-Paton gauge field A, as the first component
of the ten-dimensional A" = 1 Maxwell supermultiplet. Its superpartner is
therefore a Majorana-Weyl fermion field A with 32 real components. We
introduce Dirac matrices I';, in 1+9 dimensions, and define I',, = % 1
The loop parametrization z#(7) has superpartner ¥(7) which couples to the
photino field A\. Then, the spacetime supersymmetric extension of (5.22) is
given by the finite supersymmetry transformation

1

1
WI[A, \] = exp </d7’ 9(7) Q) W[A] exp <—/d7’ 9(7) Q), (5.31)
0

0

where the supercharge Q generates the infinitesimal A" = 1 supersymmetry
transformations

{Q, 19} =4. (5.32)

By using the Baker-Campbell-Hausdorff formula, the supersymmetric Wil-
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son loop (5.31) admits an expansion

1
WI[A,\] = expz'/dT (:'C“AM + iAMEF“ﬁ
0

+ 5 IT A+ %i“F”AEPMPMzﬁ‘—F...) . (5.33)

where the ellipsis in (5.33) denotes contributions from higher-order fluctua-
tion modes of the fields.

To identify the ten-dimensional supermultiplet which is T-dual to the
worldsheet recoil supermultiplet of (5.25), we use the supersymmetry algebra
(5.32) to get Iy A = 3 F;(2%) TO0, with Fy;(2°) given by (5.24). We then
find that the target space supermultiplet describing the recoil of a DO-brane
is given by the dimensionally reduced supersymmetric Yang-Mills fields

1
Ai(:no) e~ (yl C’E(xo) + u; DE(ZL'O)) ,
1

= orar | (9 X, @ T°0) + i xp, (2", 7)) . (5.34)

Therefore, the logarithmic superconformal partners to the basic recoil oper-
ators also arise naturally in the T-dual Green-Schwarz formalism.

By using (5.33) and (5.34) we can now lend a physical interpretation to
the supersymmetric impulse operator. For simplicity, we shall neglect the
stringy fluctuations in the center of mass coordinates of the D-brane and take
y; = 0. We consider only the long-time dynamics of the string soliton, i.e.
we take 2V > 0 and effectively set the Heaviside function ©.(z") to unity ev-
erywhere. We will also choose the gauge Ag(x) = 0. The bosonic part of the
Maxwell supermultiplet of course describes the free, non-relativistic geodesic
motion of the DO-brane in flat space. To see what sort of particle kinematics
is represented by the full supermultiplet, we substitute 4; = u; 2°/27a/ and
A =4 I'°9/367a’ into (5.33), where 9 = u; I, and we have again ignored
stringy O(€) uncertainties in position and velocity. Note that, generally, the
fermionic operator (5.9) also induces a velocity-dependent stringy contribu-
tion to the phase space uncertainty principle in the sense described in [1].
This is reminiscent of the energy-dependent smearings that were found in [2].
Heuristically, this identical stringy smearing of position and velocity is re-
sponsible for the violation of super-Galilean invariance in (5.30).
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With these substitutions we find W[A, \] = ¢*S/2™ where

i

05,9 Lo T0
36 % xR 4wuZ79F79

1
S:/dT (Z'Ciuixo—i-ixO@?ﬁlé"F
0

+3i2¢05 [P0,¢]6+;¥2¥5[F07¢]19+-"> (5.35)

can be interpreted as the action of a certain kind of superparticle in the
N = 1 superspace spanned by the coordinates (x%,4,9) and with worldline
parametrized by the loop coordinate 7. To identify the superparticle type,
we will first simplify the last four terms in (5.35). For this, we note that in
ten spacetime dimensions the Dirac matrices are taken in a Majorana repre-
sentation, so that I'¥ is antisymmetric while I'?, i = 1,...,9, are symmetric
matrices. We also treat ¥,9 as an anticommuting pair of variables in the
action S. Then, it is easy to check that the third term in (5.35) vanishes,
because via an integration by parts it can be written as

1
—i/dmo <8TF0¢19+19TF0¢ 19) ~0, (5.36)
36
0
where we have used the Dirac algebra to write 4% = —¢ T'°. In a similar

way one readily checks that the fourth and fifth terms in (5.35) are zero. By
the same techniques one finds that the last term is non-vanishing, and after
some algebra it can be expressed in the form ﬁ' fol dr 97 27 o Ly; J. The
action (5.35) can therefore be written as

1
S:/dr[pi<5ci+i51“i79)—MT19+...], (5.37)
0

where
pi=u;z®, =zt Iy, (5.38)

and we have rescaled the worldline spinor fields 9 +— 29.

The action (5.37) is, modulo mass-shell constraints, that of a twisted su-
perparticle [22], which admits a manifestly covariant quantization. The first
term is the standard non-relativistic superparticle action, while the inclusion
of the fermionic field ¢ modifies the canonically conjugate momentum to ¢ as
my = pJ — L. Note that the quantity p; in (5.38) is the expected momentum
of the uniformly moving D-particle, while ¢ is proportional to its angular
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momentum. In the present case p,p" # 0, so that the supersymmetric
impulse operator describes a massive, non-relativistic twisted superparticle.
The twist in fermionic momentum 7y vanishes if there is no angular momen-
tum, for instance if the D-particle recoils in the direction of scattering. The
equations of motion which follow from the action (5.37,5.38) can be written
as

i =it =9 =0, (5.39)

which imply that 2° and the components of 2¢ and ¥ along the direction
of motion are independent of the proper time 7. In general the remaining
components of x# and ¥ are 7-dependent. These classical configurations
agree with the interpretation of the worldsheet zero mode of the field z° as
the target space time and also of the uniform motion of the D-particles. In
particular, the Galilean trajectory z¢(7) = y*(7) + u’ 2°, appropriate for the
kinematics of a heavy DO-brane, solves (5.39) provided that the component
of the vector y'(7) along the direction of recoil is independent of the worldline
coordinate .

There are some important differences in the present case from the stan-
dard superparticle kinematics. The action (5.37) generically possesses a
fermionic k-symmetry defined by the transformations

0 =p kK,
6ul =2pip'
Sext =irp T, (5.40)

where £ is an infinitesimal Grassmann spinor parameter. It is also generically
invariant under a twisted N' = 2 super-Poincaré symmetry [22]. However,
the choices (5.38) break these supersymmetries, which is expected because
the D-brane motion induces a non-trivial vacuum energy. The configurations
(5.38) of course arise from the geodesic bosonic paths in the non-relativistic
limit u; < 1, or equivalently in the limit of heavy BPS mass for the D-
particles, which is the appropriate limit to describe the tree-level dynamics
here. The Galilean solutions of (5.39) described above explicitly break the
k-symmetry (5.40).

Therefore, we see that the supersymmetric completion of the impulse
operator (for weakly-coupled strings) describes the dynamics of a twisted
supersymmetric D-particle in the non-relativistic limit, with a gauge-fixing
that breaks its target space supersymmetries. In turn, this broken supersym-
metry implies that the vertex operator (5.25) does not generate the action
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of the super-Poincaré group on the brane, and consequently the super-D-
particle does not evolve in target space according to super-Galilean trans-
formations [21]. The structure of the worldsheet logarithmic superconformal
algebra is such that these spacetime properties of D-brane dynamics are
enforced by the impulse operators.

5.3. Spin Fields

We will now construct the operators ¥ which create cuts in the fields 1°
appearing in the superpartners of the recoil operators (5.18) and are thereby
responsible for changing their boundary conditions as one circumnavigates
the cut [85]. In fact, one needs ¥(z) in the neighborhood of the fields 11? but
this is readily done in bosonized form [86], as we shall now discuss, by means
of a boson translation operator which relates ¥(z) to X(0). Bosonization of
the free fermion system defined by (5.14) allows us to express in a local-
looking form the non-local effects of the spin operators. In what follows we
shall only require the bosonization of the spinor field appearing in (5.18).

In the Euclidean version of the target space theory there are ten fermion
fields ¢* which we can treat on equal footing. Given the pair of right-moving
NSR fermion fields ¥°, ¢! corresponding to the light-cone of the recoiling
DO0-brane system, we may form complex Dirac fermion fields

P (2) =97 (2) £ 19"0(2) . (5.41)

The worldsheet kinetic energy in (5.14) associated to this pair is of the form
/d22 (w96_2w9+¢106_2w10):/d2z ¢+8_z¢_ . (542)

From the corresponding equations of motion and (5.16) it follows that the
field

J(2) = v ()Y () (5.43)

is a conserved U(1) fermion number current which is a primary field of
the Virasoro algebra of dimension 1 and which generates a U(1) current
algebra at level 1. Its presence allows the introduction of spin fields, and
hence twisted sectors in the quantum Hilbert space, through the bosonization
formulas

J(z) = 21 0:4(2) ,
PE(z) = V2 e T (5.44)
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where ¢(z) is a free, real, compact chiral scalar field, i.e. its two-point
function is

(0[6(2) p(w)[0) = —In(z — w) . (5.45)

In this representation all fields are taken to act in the NS sector.
The holomorphic part of the Sugarawa energy-momentum tensor corre-
sponding to the worldsheet action (5.42) is given in bosonized form by

T(2) = —5 0:6(2) 0:0(2) + = 0Po(2) (5.46)

where the constant « is arbitrary because the second term in (5.46) is iden-
tically conserved for all x. This energy-momentum tensor derives from the
Coulomb gas model defined by the Liouville action

1 — ik
_ - (2)
Sk =1 /dz dz \/g (az¢az¢+ 5 R ¢>, (5.47)

where g(z,Z) and R®(z,%) are the metric and curvature of the worldsheet.
The topological curvature term in (5.47) provides a deficit term to the central
charge ¢, of the free boson field ¢(z),

¢ =1—3r%, (5.48)

and it also induces a vacuum charge at infinity (the singular point of the
metric on the Riemann sphere). In particular, the primary field e 199(2) hag
dimension

Agy = % (q — /{) . (5.49)

What fixes x here, and thereby lifts the ambiguity, is the charge conjugation
symmetry !0 (2) = —19(2) of the NSR model (5.42), which interchanges
the two Dirac fields 1)*(z) and hence acts on the free boson field as ¢(z)
—¢(z). This symmetry implies that x = 0 in (5.46).

Let us now consider the tachyon vertex operators corresponding to the
free boson,

S4(2) = e 19%6) (5.50)

which have conformal dimension A,g = q?/2. In bosonized language the
pair of Dirac fermion fields corresponds to the operators (5.50) at ¢ = %1,
¥*(2) = V2241(2). On the other hand, the operators (5.50) at ¢ = =+ 5
introduce a branch cut in the field ¥'°(z). To see this, we note the standard
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free field formula for multi-point correlators of tachyon vertex operators,

(012, (21) - - - S, (20)]0) = H e —9kq1 (016 (zk) #(21)]0)/2
k=1 l=1
_ A(Zz ‘11) /2 H(Zk — )W (5.51)
k<l

where we have regulated the coincidence limit of the two-point function
(5.45) by the short-distance cutoff A — 0. In particular, the correlator
(5.51) vanishes unless

> a=0, (5.52)
=1

which is a consequence of the continuous U(1) symmetry generated by the
current (5.43) which acts by global translations of the fields ¢(z;). From the
general result (5.51) we may infer the three-point correlation functions

( 2 — 22)1/4

V0 —23)(z2 = 23)

The correlator (5.53) has square root branch points at z3 = 21 and z3 = z5.
This implies that the elementary fermion fields ©*(z3) are double-valued in
the fields of the operators ¥ /5(21), respectively.

(5.53)

<O‘Ej:1/2(21) 211/2(2’2) Y11(23)]0) =

It follows that the spin operators for the recoil problem are given by

1/8( 2) =2 cos% (5.54)
and they have weight A = A,/ = %. They create branch cuts in the
fermionic fields

10(2) = V2 sin¢(2) . (5.55)

Note that the spin operators need only be inserted at the origin z = 0,
because it is there that they are required to change the boundary conditions
on the fermion fields. These operators are all understood as acting on the
NS vacuum state |0), thereby creating highest weight states in the Ramond
sector. The spin fields 3] /8( ) may be extended to operators ¥} /8( z) in the

neighborhood of ¥'°(z) via application of the boson translation operator

ezﬁz — eszl‘
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Using the operator product expansions

54(2) S () = (2 — w)17 Sy (w) (1 gz —w) 8w¢(w)) T
qq' < -1, (5.56)
and (5.17), it is straightforward to check that the term of order (z — w)~3/2
in the operator product G(z) Z;'/8 (w) vanishes, and hence that

¥s(2) =0 (5.57)

This means that the spin field 3 (z) = EIF/8

metric ground state ]%}R in the Ramond sector of the system, associated

(z) corresponds to the supersym-

with superconformal central charge ¢ = 2. By using the selection rule (5.52)
and the factorization of bosonic and fermionic correlation functions in the
free superconformal field theory determined by (5.14), it is straightforward
to verify both the NS two-point functions (4.38)(4.40) and the spin-spin
two-point function as normalized in (4.48). The central charge ¢ = 2 is the
one pertinent to the recoil operators because in the bosonized representation
they only refer to two of the ten superconformal fields present in the total
action (5.14).

Using (5.56) one can also easily derive the excited logarithmic spin oper-
ators of dimension A¢, + &, which along with (4.25) and (5.18) yields

Se.(2) = ieCe(z) @ sin @ ,
Sp.(z) =i <6D5(2) — %Ce(z)> ®sin@ . (5.58)

The corresponding logarithmic operator product expansions (4.26) and
(4.28) are straightforward consequences of the factorization of the bosonic
and fermionic sectors in the recoil problem. Because of this same factoriza-
tion property, all of the two-point correlation functions of section 4.3.2 may
be easily derived. The basic identities are given by (5.53) and the four-point
function

1

2(21 — 29)1/% (2 — w)

" (21 — 2)(w — 22) n (z1 —w)(z — 22) (559

(z1 —w)(z — 22) (z1 — 2)(w — 22)
where we have again used the selection rule (5.52). Thus, by using bosoniza-
tion techniques it is straightforward to describe the N' = 1 supersymmetric

(0[3(21) 9™ (2) " (w) B(22)[0) =
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extension of the logarithmic operators of the recoil problem in both the NS
and R sectors of the worldsheet superconformal field theory.

5.4. Fermionic Vertex Operators for the Recoil Problem

As a simple application of the above formalism, we will now construct the
appropriate spacetime vertex operators which create recoil states of the D-
branes. The crucial point is that one can now build states that are consistent
with the target space supersymmetry of Type II superstring theory, which
thereby completes the program of constructing recoil operators in string the-
ory. Spacetime supersymmetry necessitates vertex operators which describe
the excitations of fermionic states in target space. Such supersymmetric op-
erators were constructed in [21] from a target space perspective. Here we
shall construct fermionic states for the recoil problem from a worldsheet per-
spective by using appropriate combinations of the spin operators (5.50). We
have already seen how this arises above, in that the Ramond state G0|é>R
is a null vector and one recovers a single logarithmic superconformal alge-
bra among the physical states, as in the NS sector. This construction relies
heavily on the Euclidean signature of the spacetime, and yields states that
transform in an appropriate spinor representation of the Euclidean group.

The recoil operators (5.18) are all built as appropriate superpositions of
the off-shell tachyon vertex operators e 192'%(2) Tt is well-known how to con-
struct the boson and fermion emission operators which create corresponding
tachyon ground states from the NS vacuum state |0) [85]. In the bosonic
sector the vertex operator is [G,., ¢ 177" ()] = ¢ ¢ 197"°(2) @ 10(2), where the
fermion field 11°(z) has the periodic mode expansion

1 o0
wm(z):ﬁ Sy, ! (5.60)

n=—oo

appropriate to the NS sector, with (¢}0)7 = 410 {10 410} = 6, .o, and
¢111(_)H /2|0> =0 Vn > 0. By construction, the corresponding recoil operators
are of course just the fermionic operators x (z) and xp _(2) in (5.18). The
emission of a fermion by a spinor u, is described by the vertex operator
e102°(2) u%(q) Xa(z), where o = i% are regarded as spinor indices of
the two-dimensional Euclidean group SO(2) and u(q) is a two-component
off-shell Dirac spinor.

The recoil emission vertex operators are therefore given by the chiral
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superfields

Ve (2) = o (2) + 0 xe, (2)
Vp.(z) = Ep.(2) + 0 xp,(2) , (5.61)

where the boson emission operators are

62 yi dq i 10
- iqz'9(z) 10
o) =g [ e O oyt
_ 1 i dg g iqz'0(z) 10
Xp,(2) = 5 / PEETE e QY (2), (5.62)

while the emission operators for the fermionic recoil states are

— € ji dq iqrlo(z —

:Ce(z)zém—i g—ic © ) @ p(z) @ T (q) Salz) |

—_ 1 ¥ dq 1 CClOZ —a

=p.(2) = - /ﬁ ¢ 1) & u(z) ©T(g) Salz) . (5.63)

Here 1(2) is an appropriate auxiliary ghost spin operator of conformal dimen-
sion —% [84]. For example, it can be taken to be a plane wave u(z) = e 'Fi#'(2)
in the directions 2’ transverse to the (z?,2'0) light cone, with k? = —i. In
the physical conformal limit € — 0T, the superfields (5.61) then have van-
ishing superconformal dimension.

The spinor u(q) in (5.63) is not constrained by any on-shell equations such
as the Dirac equation which would normally guarantee that the correspond-
ing states respect spacetime supersymmetry. It can be partially restricted by
implementing the GSO truncation of the superstring spectrum. The fermion
chirality operator I" acts on the operators (5.50) as

I Ygra-x2@) T = (=DM S0 0y 2(2) (5.64)

8 Strictly speaking, the spin operators in these relations should include a non-trivial cocycle [87]
for the lattice of charges « in the exponentials of the bosonized representation, which also depend
on the fields ¥ (z). The cocycle factor is defined on the weight lattice of the spinor representation
of the Euclidean group, and it ensures that the vertex has the correct spinor transformation
properties. Its inclusion becomes especially important in the generalization of these results to
higher-dimensional branes. To avoid clutter in the formulas, we do not write these extra factors

explicitly.
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for g € Z. This is only consistent with the operator product expansions in
the combined superconformal field theory including ghost fields, because the
action of I" on the fields of (5.14) alone is not an automorphism of the local
algebra of spin fields [84]. Then the action of the chirality operator can be
extended to the spin fields with the I' = 1 projection giving a local field the-
ory. The chiral I' = 1 projection requires that u,(q) be a right-handed Dirac
spinor, after which the operators (5.63) become local fermionic fields. Then
the vertex operators (5.61)—(5.63) describe the appropriate supersymmetric
states for the recoil problem. The relevant spacetime supersymmetry genera-
tor (), is given by the contour integral of the fermionic vertex corresponding

to the basic tachyon operator e i90'°(2) at zero momentum,
_ dz 9,210 1/4 1 2>
Qo = 5. 0:% (2)@z""p 2 Res Xp(z) . (5.65)
z=0

The integrand of (5.65), which involves the adjoint ghost field uf(2), is a
BRST invariant conformal field of dimension 1. From the various operator
product expansions above it follows that the supercharge (5.65) relates the
two vertices (5.62) and (5.63) through the anticommutators

{Qa, "D @ u(z) 0 Bp() ) = —18up o D@ u0(E). (5.66)

Notice, however, that the target space supersymmetry alluded to here refers
only to the fields which live on the worldline of the D-particle, or more pre-
cisely on the corresponding light-cone. The full target space supersymmetry
is of course broken by the motion of the D-brane [21].

5.5. Modular Behavior

As we have seen above, in the case of recoiling bosonic string solitons (D-
branes), the non-trivial mixing between the logarithmic C, and D, operators
leads to logarithmic modular divergences in bosonic annulus amplitudes, and
it is associated with the lack of unitarity of the low-energy effective theory
in which quantum D-brane excitations are neglected [23]. We now examine
how these features are modified in the presence of the logarithmic NV = 1
superconformal pair. For this, we consider the open superstring propagator
between two scattering states |€,) and |Eg),

_ 1 - _ @ Lo—1/2
Bop = (Eal =gl == [ D tEala™ ) . G
f
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where the Virasoro operator Lg is defined through the Laurent expansion of
the energy-momentum tensor T'(2) = Y., L, 27" 2, and the factor of % is the
normal ordering intercept in the Neveu-Schwarz sector. Here ¢ = e ?™7, with
7 the modular parameter of the worldsheet strip separating the two states
|E4) and |E€g), and F is a fundamental modular domain of the complex plane.
We shall ignore the superconformal ghosts, whose contributions would not
affect the qualitative results which follow.

For the purely bosonic string, divergent contributions to the modular
integral would come from a discrete subspace of string states of vanishing
conformal dimension corresponding to the spectrum of linearized fluctuations
in the soliton background [23]. Since in the present case these are precisely
the states associated with the logarithmic recoil operators, we should ana-
lyze carefully their contributions to the propagators (5.67). We introduce
the highest weight states |¢) = ¢(0)|0), ¢ = C¢, D¢, X, Xp,, With the un-
derstanding that the <9in and 1)’ parts of the vertex operator (5.25) are
included. This has the overall effect of replacing A, in the bosonic parts
of the operator product expansions everywhere by the anomalous dimension
he = 1+ A, of the impulse operator, while in the fermionic parts A, + %
is replaced everywhere by h.. Using (2.2) and (4.13), the 2 x 2 Jordan cell
decompositions of the bosonic and fermionic Virasoro generators are then
given by

L8|CE> = hE|C€> > L8|DE> = he|D6> + |C€> ) (5 68)
Lolxc,) = helxc.) s Lolxp,) = helxp,) + xc.) -

where Ly = LB + Lg. Using the factorization of bosonic and fermionic states,
in the Jordan blocks spanned by the logarithmic operators we have [21,22]

10
> ’067D6> ®qh€ <lnq 1> ’Xc€7XD€> *
(5.69)

10

L he
q 0‘C57D5>®‘XC€7XD€>:Q <lnq1

The corresponding expectation value (5.67) in such a state is then given by

10 10
ACD:—/dq q2A€+1/2<CE’DE‘<lnq 1>’Ce= D€><XC'57XD5’<lnq 1
].'

>‘XC’E7XD5>'

(5.70)

The dangerous region of moduli space is Im 7 — o0, in which ¢ ~ § — 0.
Using Ac = 0 as ¢ — 07, we can easily check that the contributions to
the modular integration in (5.70) from this region vanish. For instance, the
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worst behavior comes from the term in the integrand involving /g (In q)?,
which upon integration over a small strip F;s of width § produces a factor

/dq Vi (Ing)? ~ g 52 <(ln 5)2 g Ins+ g) , (5.71)
Fs

which vanishes in the limit § — 0. Therefore, in quantities involving matrix
elements of the string propagator in logarithmic states, the incorporation of
worldsheet superconformal partners cancels the modular divergences that
are present in the purely bosonic case. It is also straightforward to arrive at
this conclusion in the Ramond sector of the superstring theory. Notice that
although the explicit calculation above is carried out with respect to the
chosen basis (5.68) within the Jordan cell, the same qualitative conclusion is
arrived at under any change of basis |C¢, D) — |aCc+bDe, cCc+dD.). This
is because the strip integral (5.71) is the worst behaved one and any change of
basis will simply mix it with better behaved modular integrals. Furthermore,
physical string scattering amplitudes will involve the superstring propagator
with sums over complete sets in an invariant, basis-independent form. Its
effect on such physical quantities is therefore independent of the chosen base.
This cancellation of infinities has dramatic consequences for the behavior

of higher genus amplitudes. As we have seen in Section 3, in the purely
bosonic case, where the modular divergences persist, the logarithmic states
yield non-trivial contributions to the sum over string states and imply that,
to leading order, the genus expansion is dominated by contributions from
degenerate Riemann surfaces whose strip sizes become infinitely thin [11,23].
Such amplitudes can be described in terms of bi-local worldsheet operators
and the truncated topological series can be summed to produce a non-trivial
probability distribution on the moduli space of running coupling constants
of the slightly marginal o-model [2]. The functional Gaussian distribution
has width proportional to v/In 8, and the string loop divergences are canceled
by a version of the Fischler-Susskind mechanism. However, we see here that
this structure disappears completely when one considers the full superstring
theory. This means that in the supersymmetric case one has to contend
with the full genus expansion of string theory which is not even a Borel
summable series. The dominance of pinched annular surfaces, as well as the
loss of unitarity due to the logarithmic mixing, can now be understood as
merely an artifact of the tachyonic instability of the bosonic string. Once
the appropriate superconformal partners to the logarithmic operators are
incorporated, the theory is free from divergences, at least at the level of
string loop amplitudes. Heuristically, this feature can be understood from
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the form of the fermionic two-point functions (4.14), which for A = 0 reduce
to conventional fermionic correlators with no logarithmic scaling violations
on the worldsheet. The zero dimension fermion fields, after incorporating
the worldsheet superconformal ghost fields, thereby have the usual effect of
removing instabilities from the theory.

5.6. The Zamolodchikov Metric and Linearity in Liouville
Evolution

Another way to understand the effect of the fermionic fields in the recoil
problem is through the Zamolodchikov metric in the sector corresponding to
the logarithmic states. It is defined by the short-distance two-point functions

Gog = A 1im (6(:) 0/ (w)) . 6,6 = C,D,xexp s (572)

and by using (2.4) and (4.14) it can be represented as the 4 x 4 matrix

0 ¢ 0 0
£d—26InA 0 0
e 0 2AE (5.73)

0 0  2A£2(6+Ad—2A¢InA)

In the upper left bosonic 2 x 2 block we find a logarithmically divergent term,
which may be associated with the logarithmic modular divergences that are
present in the bosonic case. On the other hand, in the lower right fermionic
2 x 2 block we find that the logarithmic divergence generically appears only
through the term which is proportional to AlnA. For the recoil problem,
in which the conformal dimension of the operators is correlated with the
worldsheet ultraviolet scale through the relations (2.9) and (2.12), this term
is a finite constant. Thus, in contrast to its bosonic part, the fermionic part
of the Zamolodchikov metric is scale-invariant. This is just another reflection
of the fact that the fermionic logarithmic operators do not themselves lead
to any logarithmic divergences and act to cure the bosonic string theory
of its instabilities. In fact, this property on its own is motivation for the
identification (2.12) of worldsheet and target space regularization parameters
which was used to arrive at the logarithmic conformal algebra. In turn, this
correlation is then also consistent with the Galilean non-invariance (5.30)
which derives from the twisted superparticle interpretation of the previous
section. Nevertheless, the vanishing correlation functions in (2.4) and (4.14)
indicate the existence of a hidden supersymmetry in the dynamics of moving
D-branes. For instance, it is straightforward to check that the fermionic
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Noether supercurrents associated with spatial translations induce the same
logarithmic scaling violations that the bosonic ones do [11].

It is curious to note that the Zamolodchikov metric (5.73) becomes degen-
erate in the conformal limit A — 0, which corresponds to the infrared fixed
point of the worldsheet field theory (in the sense that the size of the world-
sheet is infinite in units of the ultraviolet cutoff). In this limit all two-point
correlation functions involving the fermionic field x . vanish. Whether or not
this implies that x . completely decouples from the theory requires knowl-
edge of higher order correlators of the theory. Furthermore, in that case there
are no logarithmic scaling violations, since (xp(2) xp(w)) = 2§/(z — w) in
the limit A — 0. Generally, the vanishing of two-point functions in a loga-
rithmic conformal field theory implies some special properties of the model.
In the purely bosonic cases, it is known that such a vanishing property is
associated with the existence of hidden symmetries corresponding to some
conserved current [7]. A similar situation may occur in the supersymmetric
case, indicating the presence of some new fermionic symmetries. For this to
be case, there must be some other field to which the field x . couples. While
the extra hidden symmetry may be related to the fact that x . is a null field
in the subspace of primary fields, it should not be a true null field. This
interesting issue deserves further investigation. Notice however that in the
recoil problem, the pertinent correlation functions are non-vanishing in the
slightly-marginal case where € # 0.

Notice also that the degeneracy of the metric (5.73) in the limit A — 0
may not be a true singularity of the moduli space of coupling constants. To
elaborate further on this point requires computation of the corresponding
curvature tensor, and its associated invariants which, being invariant under
changes of renormalization group scheme, contain the true physical informa-
tion of the theory. However, this again requires knowledge of the three-point
and four-point correlation functions among the pertinent vertex operators,
which at present are not available.

The Zamolodchikov metric is also a very important ingredient in the con-
struction of the effective target space action of the theory. In the bosonic case
such a moduli space action reproduces the Born-Infeld action for the D-brane
dynamics in the Neumann representation [2]. The supersymmetrization of
the worldsheet theory along the lines discussed previously will produce the
same Born-Infeld action, with the only effect that the tachyonic instabil-
ities are again removed and no renormalization of the coupling constants
are required. This is immediate due to the form of (5.73). On the other
hand, the target space supersymmetrization of the Born-Infeld action in ten
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dimensions is known. The photino field A corresponds to the Goldstino par-
ticle of the super-Poincaré symmetry which is spontaneously broken by the
presence of the D-brane. The resulting action does however possess local
spacetime k-symmetry. We may then expect an appropriate version of this
action to emerge within the target space formalism of the previous section,
with corresponding breaking of the fermionic x-symmetry.

The most important consequence, however, of the form of the Zamolod-
chikov metric (5.73) for our purposes in this work, is that it eliminates in
the world-sheet supersymmetric case the leading ultraviolet world-sheet di-
vergences (3.70) leading to the diffusion term (3.71) upon the identification
of time with the world-sheet scale e=2 (c.f. (5.20)), and hence the Liouville
zero mode.

Thus, upon including world-sheet supersymmetry, which appears essen-
tial for a proper definition of D-particles, guaranteeing their target-space
stability, one obtains a diffusionless probability equation from the RG equa-
tion of the Liouville-dressed partition function in the supersymmetric case
of the twisted super D-particle, and hence an ordinary Schrédinger equation
according to our discussion above. This may imply a potentially interest-
ing link between supersymmetry (of some sort) and linearity of quantum
mechanics.

6. Conclusions

In this review/tribute to the memory of I. Kogan, I discussed the réle of
superconformal logarithmic algebras on the physics of recoiling membranes
in string theory. Although the formalism has been developed for D-particles,
extension to higher-dimensionality branes is straightforward, albeit techni-
cally more involved.

We have also seen how LCFT and their extensions enter the discussion of
the recoil problem in curved (almost conformal) backgrounds corresponding
to late times Robertson-Walker Cosmology.

In all cases, the relevant pairs of LCFT describing recoil were not
marginal operators, but rather slightly relevant world-sheet deformations,
with anomalous dimension proportional to €2 ~ InA, thereby varying lin-
early with the RG scale. This implied the necessity for Liouville dressing.

In this latter context, we have discussed some “pathologies” of the bosonic
string formalism, associated with non-linearities in the quantum mechanical
evolution of the D-branes under the identification of the Liouville mode with
target time. Such non-linearities were associated with leading ultraviolet
divergences in the world sheet, arising from pinched world-sheet genera.
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Upon supersymmetrization, however, such divergences disappear in a non-
trivial way, dictated by the logarithmic superconformal algebras, thereby
rendering the above identification of Liouville mode with time consistent
with a linear quantum mechanical evolution of super D-branes. It remains
to be seen whether this curious link between supersymmetry and linearity
of quantum mechanics bears any more general consequences.

It is my firm belief that the precise nature of time holds the key for
a complete understanding of quantum gravity. In this sense, therefore,
the above role of super-LCFT in rendering the Liouville evolution linear,
and completely quantum mechanical, may be of importance. For instance,
recently [100] some models of supersymmetric space-time foam involving
such supersymmetric D-particles have been constructed as consistent ground
states of brane world models. Time, and further work will show whether
these speculations are right...
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