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Possible transmission experiments with low-velocity helium droplets
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We show that very low velocity droplets can be used to carry out an experiment to test whether condensate
mediated transmission processes can occur in a superfluid droplet of 4He. By appropriately choosing the
droplet radius and temperature, we can eliminate the competing roton, phonon, and ripplon mediated elastic
transmission events. Then a calculation shows that if a few percent or more of the incident atoms experience
anomalous condensate mediated transmission, the effects should be detectable in the droplet trajectories. We
consider two forms of the experiment, involving a freely falling droplet in ambient vapor in the first instance
and an oscillating droplet in a magnetic trap in the second.
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I. INTRODUCTION

The experimental realization1–3 of Bose-Einstein condensation in alkali vapor has revived interest in the phenomenon
and opened exciting new possibilities of a fuller understanding. Earlier experimental studies of Bose condensation were
confined to strongly interacting systems, including superfluid
4
He. Despite extensive experimental and theoretical effort, a
full theoretical description of the experimental phenomena in
these strongly interacting systems has proved elusive. In particular, the Bose condensate has been believed to be the fundamental reason for superfluidity in liquid 4He 共since London proposed it4 in 1938兲 but experimental information on
the nature of the condensate is sparse. Only neutron scattering experiments give direct information5,6 and interpretation
of these has proved difficult. In the neutron scattering approach one studies deep inelastic scattering of relatively high
energy neutrons. Interpretation requires the impulse approximation, which in turn requires correction to account for final
state interactions. The results put limits on the fraction of the
total fluid atoms which are in the condensate, assuming that
the condensate exists.
Another type of experimental probe of the condensate in
superfluid helium was proposed in Refs. 7–9 some time ago.
It was suggested that Bose condensation would lead to a
form of anomalous transmission of incident helium atoms
through the Bose condensed superfluid, because the quantum
mechanical amplitudes for absorption and reemission of
bosons 共say from state 兲 from a system in which there are
already n bosons present are, respectively, enhanced by factors 冑n + 1 and 冑n. Because of this effect, absorption and
reemission of helium atoms will be strongly enhanced. In the
strongly interacting case, Bose condensation is described in
terms of the one-body density matrix 1共rជ , rជ兲 共Refs. 10–12兲
which, in a second quantized formulation is expressed as

1共rជ,rជ⬘兲 = 具⌽N兩†共rជ⬘兲共rជ兲兩⌽N典

共1兲

for rជ ⫽ rជ⬘. ⌽N is the N-body ground state of the system and
†共rជ⬘兲 and 共rជ兲, respectively, create a particle at rជ and destroy a particle at rជ. The condensate fraction n0 is defined so
that as 兩rជ − rជ兩 → ⬁, 1共rជ , rជ⬘兲 → n0共N / V兲, where V is the volume
of the system. The only experimental measurements of the
quantity n0 for superfluid 4He are the deep inelastic neutron
1098-0121/2007/75共5兲/054506共11兲

scattering experiments mentioned above. The one-body density matrix is the overlap between the wave function
†共rជ⬘兲兩⌽N典 with one extra particle at rជ with the wave function †共rជ兲兩⌽N⬎ which is a wave function with one extra
particle at a far away point rជ. The existence of a condensate
fraction means that this overlap remains finite at macroscopic distances so that one may expect amplitudes for processes in which a particle is added at rជ and removed at rជ⬘ will
be observable with amplitudes essentially independent of the
distance between the two points. We proposed to create an
experiment in which particles are added and removed from
the fluid in this way in order to probe the structure of the one
particle density matrix at large spatial separations directly. In
the dilute, effectively weakly interacting system of the condensed alkali gases, calculations exhibiting this effect were
carried out for suspended spheres of Bose-Einstein condensed gases13 and for suspended slabs of such gases.14
In strongly interacting helium the proposed condensate
mediated transmission can be described as taking place
through a virtual quantum mechanical process in which there
is quantum mechanically coherent mixing of the state consisting of a free particle and the N particle Bose condensed
liquid ground state and a 共boosted兲 state consisting of N + 1
particles in the Bose condensed liquid ground state. Because
these states differ in energy by an energy of the order of the
chemical potential of about 7 K, one expects a time delay of
the order of ប / 7 K ⬇ 10−12 s for the reemission of the incident atom in such a process. The transmission amplitude and
phase for this process were estimated both phenomenologically7 and variationally15 and gave amplitudes and transmission times which were consistent with the uncertainty
principle estimate. In principle, the amplitude of the condensated mediated transmission, if observed, can provide direct
information about the magnitude of the condensate fraction.
共The simple relations between this amplitude and the magnitude of the condensate fraction given in Ref. 7 are only valid
when the cross-sectional area of the incident wave packet is
very small.兲 In the real system, other processes will compete
with this process when a low energy 共⬇1 K兲 helium atom is
incident on the fluid. These include roton or phonon creation
with atomic absorption followed by roton or phonon destruction together with atomic remission, as well as atomic absorption accompanied by creation of one or more ripplons. It
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is unclear whether these will swamp the coherent, condensate mediated process and render it unobservable. Some insight into the effects of dissipation was obtained from a recent calculation13 in weak coupling theory of the scattering
of an atomic beam from a weakly interacting Bose condensed spherical sample of atoms of identical type, where
negligible dissipative effects were found.
Three versions of the proposed experiment have been carried out: Wyatt and co-workers16 carried out an experiment
on an array of superfluid helium tubes and reported roton
mediated atomic transmission. Incident atomic energies were
up to 4.5 K above the vacuum level. Lidke and co-workers
recently reported an experiment17 on a film of superfluid suspended in a cesium coated orifice and reported transmission
which they attributed to phonon mediated transmission. Neither of these papers reported a prompt signal of the sort
expected for condensate mediation. Of the various possible
reasons for this, one possibility is that in both experiments,
the superfluid sample is strongly coupled to its environment
共a tube or an orifice兲 making the envisioned current carrying
boost of the superfluid in the virtual intermediate state difficult to achieve.
A third, experimentally quite different, version of the proposed experiment, carried out by Harms and Toennies18 has
the advantage that this strong coupling to the environment is
not present. In this version, energy and momentum transfers
from an essentially stationary 4He vapor to moving superfluid 4He droplets was measured. Very interesting effects
were seen both for 4He atoms and 3He atoms incident on the
droplets, including anomalously high energy transfers from
4
He atoms to the droplets. However, in the experiments by
Harms and Toennies, the lowest internal excitation energy 共in
the reference frame of the droplet and relative to the ground
state energy of the droplet兲 of 4He atoms entering the droplet
was around 12 K 共about 5 K relative to vacuum兲, which is
around the “maxon” feature in the helium superfluid excitation spectrum. At such energies, multiple quasiparticle excitation is likely to mask the effects of interest to us. In Toennies’ apparatus, it was not possible to carry out the
experiment described in Ref. 7 with incident atoms having
energies relative to the ground state energy of the droplet as
low as 7.5– 8.5 K where we expect the quasiparticle effects
to be much smaller because rotons cannot be excited with
atoms of the average incident energy 共Fig. 1兲. Here we analyze another, distinctly different, way to carry out the experiment on droplets moving through ambient vapor, but at much
lower velocities than in the Toennies experiment.
In the version of the experiment proposed in the present
paper, droplets move through a stationary vapor, as in the
Toennies experiment, but the acceleration of the droplets is
provided by gravity, rather than by ejection of gas from a
nozzle at high pressures. As a result, the average incident
velocities of the vapor atoms on the droplet will be much
lower than they were in the Toennies experiment and will
excite fewer quasiparticles while the amplitude of the condensate mediated effect is expected to be larger. Our analysis
shows that droplets moving at 1 m / s can be produced. We
propose to monitor the trajectories of such droplets and to
detect the extent to which the droplets are more transparent
to the vapor than they would be if the only processes were

FIG. 1. Energies associated with the processes discussed here. ⑀k
is the kinetic energy of the incident atom 共relative to the vacuum
level兲. In the figure,  is the chemical potential 共−7.16 K兲.

inelastic absorption and emission of atoms and quasiparticle
mediated transmission. As discussed, such an experiment
will complement the others carried out and under way in two
ways: 共1兲 The droplets are falling freely and no mechanical
or thermal environment, except for the ambient gas, can interfere with the processes proposed for condensate mediated
transmission and 共2兲 very low incident atomic velocities can
be achieved. The latter point is important because both
variational15 and weak coupling13 theoretical studies indicate
that condensate mediate transmission amplitudes increase
with decreasing incident momentum of the incident atoms on
the superfluid. Though the experimental study of such falling
droplets poses some experimental challenges which we discuss here, the experiment should be considerably less complicated and difficult than the suspended superfluid experiments which have already been performed. Production of
droplets at low velocities has been discussed by the Brown
group.19 We discuss implementation of such an experiment
in which droplets are freely falling and in which they are
trapped in a magnetic parabolic well in the next section. In
the third section we discuss methods for detection of the
motion. The paper ends with a discussion and conclusions.
II. ANALYSIS

We first envision introducing one or more droplets into a
cryostat and watching the droplet fall freely in the gravitational field. 共The gravitational acceleration is g. We choose a
z axis pointing downward in the ensuing equations.兲 The
processes by which atoms of the vapor might affect the trajectory of the droplet are of four types: 共1兲 Absorption of
atoms of the vapor into the droplet inelastically with no immediate or coherent reemission. 共2兲 Emission of atoms from
the vapor not coherently related to any previous absorption;
共3兲 absorption of atoms of the vapor with production of a
quasiparticle 共roton or phonon兲 which propagates across the
droplet and is annihilated elastically with the emission of an
atom at another place on the surface of the droplet 关a related
possibility is the excitation of one or more ripplons during
atomic absorption followed by reemission of an atom after
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FIG. 2. Interpolation of roton mean free paths
between measured values from 0.15 K to 0.25 K
and two estimates 共visually almost indistinguishable on this logarithmic scale兲 for the mean free
path at temperatures around 1 K as discussed in
the text.

the ripplon共s兲 have propagated to the opposite side of the
droplet20兴; and possibly, 共4兲 condensate mediated transmission of atoms of the vapor through the droplet elastically. We
will argue that, by appropriate choice of droplet size and
temperature, the processes of type 共3兲 can be made insignificant, so that we have only inelastic processes 共1兲 and 共2兲 and,
if it exists, type 共4兲 elastic transmission. We then make an
analytical calculation of the effects of processes of types 共1兲
and 共2兲 on the trajectory and argue that experimental deviation of the trajectory from the prediction is evidence of processes of type 共4兲.
In such an experiment, the mean velocities of helium atoms incident on the droplet range from 0 at the beginning of
the trajectory to ⬍1.5 m / s at the end 共assuming a distance of
10 cm兲. We wish to design the experiment so that a negligible number of quasiparticles excited by collisions with atoms of the vapor pass through the droplet and elastically
cause reemission of atoms. 共Such quasiparticle mediated
transmission effects can affect the direction of the droplet’s
momentum but because they are entirely elastic, they cannot
affect the average downward velocity of the atom.兲
The mean free paths of phonons and rotons were measured directly in the temperature range 0.15 to 0.25 K by the
Wyatt group.21–23 At these low temperatures, their experimental results fit the expression
lwyatt = 0.00025/T6.25 共cm兲.

共2兲

For higher temperatures we did not find any direct measurements. Roton lifetimes have been measured quite precisely in
the range 0.8 K to 1.3 K using neutron scattering.24 The neutron scattering experiments were shown to be in good agreement with the expression
⌫ = 4.052冑T exp共− ⌬/kBT兲

共3兲

for the width of the roton line in meV. We estimate a mean
free path from this as

lneutron = បvr/⌫

共4兲

using the expression vr = 共2kBT / r兲1/2 for the mean roton
velocity. Here r = 0.26mHe is the effective roton mass. Simply extrapolating this result to low temperatures yields a
mean free path which is much higher in the range
0.15 K to 0.25 K than that measured by the Wyatt group. We
can interpolate between the two temperature ranges with the
expression
l1 = 1/共1/lwyatt + 1/lneutron兲

共5兲

with the result shown in the curve labelled fit to measured
roton lifetime and direct measurement in Fig. 2. By combining calculational results of Landau and Khaltnikov26 of phonon mean free paths with measured viscosities, Atkins25 obtained an expression for the mean free path of rotons around
1 K. Atkins expression was
latkins = 10r/共vrr兲.

共6兲

Atkins used the value r = 11.5⫻ 10−7 poiseuille 共assumed
temperature independent兲. vr is defined as above and r, the
effective mass density of rotons, was taken as

r =

2r1/2 p40
exp共− ⌬/kBT兲,
3共2兲3/2共kBT兲1/2ប3

共7兲

where p0 is the ប times the roton wave vector at the roton
quasiparticle minimum. Again, this expression gave much
too high a mean free path compared to experiments when
extrapolated to the range of the Wyatt measurements. 共It was
shown in Refs. 21–23 that the basic theoretical approach in
Ref. 26 accounts for the low temperature results by going to
higher order in perturbation theory.兲 We interpolate between
the low temperature results and the expression given by Atkins with the relation
l2 = 1/共1/lwyatt + 1/latkins兲

共8兲

which is also plotted in Fig. 2 with the label fit to viscosity
and direct measurement. From Fig. 2, one sees that the two
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estimates of the roton mean free path agree in order of magnitude in the region near 1 K where we propose a falling
droplet experiment. The roton mean free path is estimated in
both cases to be much less than a micron in that temperature
region. To ensure that all quasiparticle producing collisions
are essentially inelastic in the sense of processes 共1兲 and 共2兲
described above, the droplet sizes must be larger than the
roton mean free path.
The remaining mode of quasiparticle production by incident atoms is ripplon creation. An elastic process has been
suggested in which a ripplon created by an incident atom
propagates around the surface of a droplet and causes elastic
reemission of an atom on the opposite side of the droplet.20
We are not aware of any detailed calculational studies of this
possibility. However, it will be irrelevant if the ripplon lifetime is shorter than the time required for the ripplon to
propagate around the droplet. For a process in which one
ripplon is created by the incident atom 共Fig. 1兲, the highest
energy ripplons, arising from incident atoms with energy of
the order of 1 K relative to the vacuum, will have an energy
of about 8 K above the helium ground state. This corresponds to a ripplon frequency of 1012 Hz and a wave number
of 1010 m−1. We estimated the lifetime of such ripplons using
the data in Refs. 27 and 28. At 1 K, we find a damping time
for ripplons of energy of 8 K of about 10−10 seconds which
corresponds to a damping length 共damping time multiplied
by the velocity of a ripplon at this energy兲 of 0.01 microns
whereas at 0.25 K the expected mean free path, scaling
roughly as T4 will be around 0.03 cm. Thus if the diameters
of the droplets are, respectively, greater than a few microns
at 1 K 共which is consistent with the constraints found above
for assuring that roton and phonon creation result in elastic
processes兲 then the ripplon would be damped long before it
had time to propagate around the droplet. Similar results
were found for a 2 ripplon process in which each ripplon has
an energy of 4 K. The damping time is slightly larger than
that of the one ripplon process, but the damping lengths are
nearly equal since the velocity for these ripplons is lower.
These estimates are subject to substantial uncertainty because the temperatures fall in a region in which there appear
to be substantial discrepancies between the observed damping rates and the theory proposed in Ref. 27. Furthermore,
we have made no attempt to estimate the effects of the finite
curvature of the droplet surface on the ripplon damping rates,
though we would expect these to be substantial. Despite
these caveats, these estimates suggest that an elastic atomripplon-atom elastic absorption and reemission process is unlikely under the conditions which we envision for an experiment.
These arguments do not address the possible role of thermally excited ripplons present in local thermal equilibrium
on the surface of the droplet. Interactions of incoming atoms
with such ripplons will lead to incoherent processes of types
共1兲 or 共2兲 by the same lifetime arguments above. 关The role of
interactions of thermally excited ripplons with incoming atoms in determining the ratio of the rates of processes of
types 共1兲 and 共2兲 to the rate of possible processes of type 共4兲
has not been thoroughly explored. It is not directly relevant
to the theme of this paper, which focuses on detecting processes of type 共4兲 experimentally. However one may make

the following rough argument: In the experimental conditions envisioned, the incoming atoms will be in wave packets
of cross-sectional area of order 共0.5 nm兲2 共from the thermal
wavelength兲 and the estimated surface density of ripplons at
1 K is of order 1015 m−2. By a simple kinetic argument, an
incoming atom will encounter a thermally excited ripplon
once in about 5000 atom-droplet collisions.兴
From the foregoing arguments we find that if the droplet
radius is judiciously chosen, then all collisions of atoms from
the vapor will result in inelastic absorption or emission 关processes 共1兲 or 共2兲兴 unless processes of type 共4兲 共condensate
mediation兲 occur. Let f i be the fraction of incident atoms
inelastically adsorbed and f x be the fraction anomalously
transmitted. These arguments imply f x = 1.0− f i if the temperatures and droplet diameters are chosen in the indicated
ranges.
We now calculate the trajectory of the droplet, assuming
that a fraction f i of the atoms absorbed as well as f i of the
atoms emitted from the droplet arise from incoherent inelastic events of types 共1兲 and 共2兲. In this calculation, we obtain
an equation of motion for the drop in which a Stokes drag
force causes the drop to reach a terminal velocity which inversely depends on the fractional density of the vapor 共f i兲
which interacts inelastically with the droplet. We assume that
the atoms which are effectively transmitted by condensate
mediation have no effect on the droplet trajectory. 共The matrix elements associated with the virtual mixing process
envisioned7,15 will conserve momentum in a translationally
invariant system.兲
The resulting equation is similar to that of a sphere moving through a viscous fluid but differs slightly in this situation where atoms are either adsorbed or emitted at the droplet’s surface.
The calculation of the momentum transfer to the drop
involves studying the contributions to the net momentum
flux of adsorbed and evaporated atoms,
dpជ
=
dt

冕冕
冕冕

关n̂ · 共vជ − uẑ兲兴共mvជ 兲共vជ 兲dvជ dS

−

共n̂ · vជ⬘兲关m共vជ⬘ + uẑ兲兴共vជ⬘兲dvជ⬘dS + Mgẑ, 共9兲

where n̂ is the unit vector normal to the drop’s surface, vជ is
the velocity of an absorbed vapor atom, u is the velocity of
the drop in the downward direction, vជ⬘ is the velocity of an
atom emitted from the drop in the drop’s rest frame, M is the
mass of the drop, and g is the acceleration due to gravity
共9.8 m / s2兲. The integrals are evaluated over the thermal velocity distribution, 共vជ 兲, of atoms in an ideal gas, and the flux
is summed over the surface of the drop, assumed spherical.
In solving this equation, we assumed that the mass and temperature of the drop remain unchanged. We show that this
assumption is correct to lowest order in u and within our
other approximations in the Appendix A. We also assumed
that we can neglect the formation of a wake behind the droplet as it falls because the thermal velocities of the atoms in
the vapor are much larger than the terminal velocity of the
droplet, and the mean free path of the atoms in the vapor is
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FIG. 3. Constraints on droplet radius and temperature. The first curve gives a maximum R to
give a droplet terminal velocity which is a tenth
of the free fall velocity at the end of the fall. The
second curve gives a maximum R for which the
time delay 共relative to free fall time兲 is 100 s.
The third curve gives a maximum R for which the
time delay 共relative to free fall time兲 is 1 ms. The
fourth and fifth curves give the two estimates of
the roton mean free path 共corresponding to Fig. 2
and the accompanying discussion兲. The large ⫻
is in the region in which all the criteria are
satisfied.

of the same order as the droplet’s radius. The droplet sizes
we propose for the experiment are far above the nucleation
threshold which we estimate from the requirement R
⬎ 共3兲 / 共lkB兩兩兲 ⬇ 5 Å at 1 K, with the surface tension 
= 3.75⫻ 10−1 erg/ cm2, l = 2.1834⫻ 1022 cm3 and chemical
potential  = −7.15 K.
Evaluating the integrals in 共9兲 by expanding the thermal
velocity distribution to first order in uជ after making a change
of variables vជ⬙ = vជ − uẑ in the first integral, we find
4
dpz
= − f i  R 2u  g
3
dt

冑

2mkBT
+ Mg,


共10兲

where R is the radius of the drop, g is the number density of
the vapor, m is the mass of a helium atom, kB is Boltzmann’s
constant, and T is the temperature of the vapor and the droplet. This yields a terminal velocity of
uT =

l
mgR
g

冑


2mkBT

冒

fi,

共11兲

where l is the number density of liquid helium. If 共see Appendix A兲 we assume M is constant, then the left-hand side
of 共10兲 is Mdu / dt and we can solve the equation exactly for
u and hence for z to obtain trajectories, assuming 共Appendix
A兲 that the temperature of the droplet is also constant. The
solution is
z = 共g/共␥兲2兲关exp共− ␥t兲 − 1兴 + gt/␥

冑

2 k BT
m .

共12兲

Notice that ␥ decreases
in which ␥ = f i共g / l兲共1 / R兲
with increasing droplet radius R because the mass of the
droplet increases more rapidly with droplet radius than its
surface area. This will lead to the conclusion 共see below兲 that
rather small droplets are to be preferred for the experiment.
By comparing these results with the observed trajectories we
wish to extract a value for f i and hence information about the
transmission coefficient for incident atoms through the droplet. In Appendix B we display how f i will depend on a transmission coefficient T共vជ 兲 which depends on the magnitude

and direction of atoms incident on the surface of the droplet.
This dependence will lead to a temperature dependence of f i
which might in principle be used to extract experimental
information about the function T共vជ 兲.
To determine optimal conditions of temperature and droplet size we may consider Eq. 共11兲. Small terminal velocities,
on which the quantity f i, which we wish to measure, depends
will be easier to detect than large ones. To get a quantitative
idea of the requirements, we suppose that the terminal velocity uT of Eq. 共11兲 is 1 / 10 of the velocity 冑2gd which the
droplet would have after freely falling a distance d = 10 cm.
Then the effects of collisions of the vapor with the droplet on
the trajectory will be easily detectable and increases in uT
due to anomalous transmission should also be detectable. We
solve the equation 10uT = 冑2gd 共with f i = 1兲 for R and, using
the known values of the saturated vapor pressure 共converted
to density g using the ideal gas law兲 at various
temperatures,29 we plot the result as a function of temperature in Fig. 3. The droplet radius R must lie below this curve
in order to satisfy 10uT ⬍ 冑2gd with f i = 1.
If the product of the time and the damping constant ␥t
remain small during the fall, then we can obtain another, less
stringent condition on the radius. Expanding the expression
for z in powers of ␥t and assuming that the droplet falls a
distance d 共for which we take 10 cm in numerical examples兲
we find that the difference ⌬t = t − 冑2d / g between the drop
time and the free fall drop time is given to lowest order by
⌬t = 共1 / 3兲␥d / g. If we suppose that we can experimentally
resolve a value of ⌬t of order 100 microseconds, then this
relation can be solved for R to find another limit on the value
of R for which effects of the vapor-droplet collisions can be
observed. This limit is also plotted in Fig. 3. This is a much
weaker limit, and can be regarded as giving the largest value
of R for which any information at all can be extracted about
the vapor-droplet collisions. We also plot our estimates of the
roton mfp from Fig. 2 in Fig. 3. R must lie above the mean
free path curve. One sees that, consistent with keeping the
temperature as low as possible, the experiment should be
done in a fairly narrow window for which R is below 10 m
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FIG. 4. Trajectories of drops for 10 m droplets with f i = 1.0, 0.9, and 0.5 at temperature
1.00 K.

and the temperature is between 1 and 1.25 K.
In Fig. 4, we show a few calculated trajectories of a falling drop for different values of f i, the fraction of incident
atoms that are inelastically adsorbed rather than transmitted,
for a 1.00 K ambient vapor and a 10 m radius droplet. If
the droplet radius were known exactly 共see below兲 then an
easily achievable time resolution of a millisecond would
make it possible to distinguish f = 0.9 from f = 1.0 at the end
of a 10 cm fall 共horizontal line兲. To see the effects of an error
in the measurement of the droplet radius we compare the
trajectories for 10 m and 11 m droplets under the same
conditions in Fig. 5. Since, as we discuss below, the droplet
radius may only be measurable for this size droplet to
about± 10% this figure illustrates the main uncertainty in extracting a value of f i from the data. If the droplet radius is not
measured to better than 10% 共which may be possible, see
below兲 then it will not be possible to distinguish data from
the cases f i = 1, R = 11 m and f i = 0.9, R = 10 m, for example. In Fig. 6, we show the same information for a

100 m droplet. From these data it is apparent that a value
f i = 0.9 共corresponding to 10% anomalous transmission兲
could still be detected with a 100 m droplet and a time
resolution of a millisecond.
The Brown group19 has reported levitation of helium
droplets in a magnetic well. In such a well, which is approximately parabolic near its minimum, one can study oscillatory
behavior of a droplet. Using the same model described in the
preceding paragraph, the equation of motion for an oscillating droplet, along one direction, would be

g
dvx
= −  2x −
dt
lmR

冑

2mkBT
vx ,


共13兲

where  is the angular oscillator frequency of the well 共independent of droplet mass兲. The solutions to this equation
are just those of a damped harmonic oscillator. For a 1 m
droplet, the oscillation is overdamped. For larger droplets,
the system is underdamped, and the oscillations of the drop-

FIG. 5. Trajectories for 10 m and 11 m
droplets with f i = 0.9 at temperature 1.00 K.
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FIG. 6. Trajectories of drops for 100 m
droplets with f i = 1.0, 0.9, and 0.5 at temperature
1.00 K.

let decay at a rate which depends once again on the absorption fraction.
III. PRODUCTION AND DETECTION

Methods for production of droplets have been reviewed
by Northby.30 The most promising method for producing the
desired 10 m droplets is the use of a piezoelectric drive
under a superfluid film.31,32 Both of the cited papers reported
production of low velocity 10 m droplets using this
method. In the experiments reported in these papers, the
droplets were studied while optically trapped32 or while
moving upward.31 Consider placing a large diameter tube
vertically through the bath in which the piezoelectric which
produces the droplet cloud is embedded. Some of the produced drops will fall back down through this tube, providing
a source of droplets suitable for the proposed experiment.
The vertical velocity of the drops produced was controlled
with the voltage on the piezoelectric in the experiment reported in Ref. 31. By adjusting the voltage, the initial upward
velocity could be made as low as a threshold value of
36 cm/ s. Tuning the voltage to produce drops with initial
upward velocity of 40 cm/ s, one easily estimates that with
an initial upward velocity of 40 cm/ s the droplets will start
moving downward about 40 milliseconds after they are produced, when they are approximately 0.8 cm from the surface
of the liquid in which the piezoelectric device is embedded.
The cloud of droplets is reported33 to spread beyond the surface on which they are produced and to fill the chamber
above the liquid vapor interface after the piezoelectric device
is pulsed. It would not be difficult to give this chamber sufficient vertical height to allow the drops to rise to the top of
their trajectories and begin to fall. Some of those with small
initial horizontal components of velocity would then pass
through a vertical tube placed in the bath and terminating
below the can containing the source liquid and piezoelectric.
共Superfluid would slowly siphon from this upper can through
a film on the vertical tube. Using the well known properties
of such films34 and assuming that the tube extends 2 cm

above the surface of the fluid in an upper can of diameter
2 cm, we estimate a flow rate of about 10−3 liters/ h out of
the upper can. This could be easily replenished during an
experiment.兲 The experiment discussed in this paper would
be carried out below this upper can, as falling droplets
emerged from the bottom end of the tube. For such a scenario to work, the initial horizontal droplet velocity must be
small enough so that the droplet does not strike the side of
the tube or of the chamber below the source during the trajectory. For example, droplets produced within 0.1 cm of the
tube opening would pass through if they had initial horizontal velocities of 4 cm/ s and would move a few centimeters
horizontally during their descent. Though the detailed design
of a source using this approach has not been carried out,
these parameters suggest that it should be possible.
In order to determine a droplet’s radius and trajectory,
various approaches may be used. In a cryostat with an optical
window, the simplest of these might be to periodically photograph the droplet during its fall, using stroboscopically
pulsing light or its equivalent. Niemela, in his experiments
on levitated charged drops,35 was able to photograph a falling drop’s trajectory using stroboscopic techniques. The
Brown group, in their experiments on laser levitation of
helium,32 was able to image micron-sized droplets optically
via laser reflection from the droplet surfaces. The motion of
a drop could also be determined using techniques similar to
those of Bennett et al. in their experiments studying bubble
entrainment caused by the impact of helium drops on a helium surface.36 A tilted infrared beam from an IR emitter,
which could be reflected and refocused a number of times in
order to crisscross the length of the droplet’s path, would be
defocused by a droplet intercepting the beam. The detected
beam could then be used to establish the time dependence of
the droplet’s motion.
Another possibility is to illuminate the path to be followed by the falling droplets from below with a laser beam,
using an optical feedthrough.38 The droplets will be larger
than the wavelength of easily accessible laser light so a geometrical optics interpretation of the light scattering is appro-
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FIG. 7. Simulation of detected optical signal
as a 10 m radius droplet illuminated from below passes a pinhole camera configuration in
which reflected light from the droplet passes
through a pinhole displaced horizontally at 1 mm
and 1 cm below the origin of the fall of the droplet. The detector 共of various assumed widths兲 is at
the same height and 1 cm away from the pinhole
in the horizontal direction. The times between the
kink discontinuities in the signals provide measures of the drop radius.

priate. 共Diffractive effects associated with Mie scattering
could also be used37, but the relatively large ratio of droplet
radius to wavelength would make these somewhat difficult to
detect.兲 Weilert et al.32 reported that they could observe two
spots normal to the incident light direction corresponding to
the two points on the droplet surface from which the beam
was reflected. These spots were observed both with optical
light from a helium neon laser and with infrared light
共1.06 m兲 from Nd:YAG laser and were shown to be at a
separation of the droplet diameter divided by 冑2. By placing
photodetectors with collimated apertures along the path of
the falling droplets so that they mainly detect light normal to
the direction of fall one expects to see two pulses at each
detector, separated in time by d / 共冑2v兲 where v is the droplet
velocity. To explore the problems of resolving such a signal
to determine the radius of the droplet we made a simulation
of the optical signal from a falling droplet assuming a cylindrical profile and applying the Fresnel laws 共Appendix C兲.
共A spherical profile will give lower intensity but a similar
time dependence.兲 We find two peaks separated by d / 共冑2兲 as
reported in Ref. 32 as well as several lower intensity peaks at
other angles. Taking a droplet radius of 10 microns and a
detector positioned 1 cm from the top of the trajectory, we
show the simulated signal for detector widths of 10, 50, 100,
and 500 microns in Fig. 7. With these parameters, the signal
could be used to determine the drop radius as well as serving
as a marker for the time near the start of its fall. To get an
idea of the resolution which might be possible in the measurement of the droplet radius, we repeated the simulations
for various droplet radii and used the results to estimate that
the required time resolution to distinguish an 11 micron from
a 10 micron droplet. We find that, with these parameters, the
required time resolution is of the order of 30 microseconds
which is quite feasible. Thus it appears that a radius measurement of accuracy of the order of 10% 共or better兲 of the
droplet radius may be possible in this way for droplets of
size in the 10 micron range.
IV. DISCUSSION AND CONCLUSIONS

We find that an experiment in which a droplet falls at low
velocity through a vapor should experience decelerations due

to encounters with the vapor which are attenuated in a measurable way by anomalous transmission processes of the sort
we have postulated. In any case, these experiments will extend to measurements of energy and momentum transfer
from helium atoms to droplets carried out by the Toennies
group to a range of mean incident atomic energies which is
lower, relative to the ground state of the droplet, by nearly an
order of magnitude. 共Relative to the vacuum level, the energies are smaller by more than 5 orders of magnitude. The
latter consideration means that the mean wavelength of the
incident particles is of the order of 100 nm, much longer
than in any earlier experiment. There will be, however, a
very large thermally induced spread of wavelengths down to
around 1 nm around this small mean value if the ambient gas
is at 1 K.兲
In terms of the measurement of the inelastic fraction f i of
incident atoms 共which is 1 if there is no anomalous transmission兲 we estimate that a determination of the deviation of f i
from 1.00 can probably be made at the 10% level using the
techniques discussed around 1 K with 10 micron radius
droplets. The main limitation on the experimental resolution
is the measurement of the droplet radius for which we discussed an optical method which may be limited to an accuracy of around 10% for 10 m droplets. One could probably
do better than this if an optical window is available in the
cryostat, permitting more sophisticated optical analysis of
the separations of spots of light scattered from the falling
droplets.
The measurements could obviously be extended to 3He,
both in the ambient vapor and in the droplet and this may
provide a null result for comparison with the results on 4He
since no anomalous transmission is expected. 共The only parameters which change in the analysis for 3He are the liquid
and vapor densities, which are extremely well known.兲
If a finite value of f x = 1 − f i is definitely detected in this
experiment, then we have argued that condensate mediated
transmission is present. By measurement of the temperature
dependence of f x one could then extract information about
the velocity dependence of the transmission coefficient T共v兲
共Appendix B兲. Though T共v兲 depends on the condensate frac-
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tion, the existing variational calculation of T共v兲 in Ref. 共15兲
does not give sufficient information to permit deduction of
the condensate fraction, given T共v兲. However diffusion
Monte Carlo calculations, currently under way, will give better information about T共v兲, permitting extraction of quantitative information about the condensate fraction.
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changed. Actually, using this value of thermal conductivity,
one finds a thermal time constant for dissipation of thermal
gradients on the 10 micron scale of about. 0.15 s, so that the
droplet can be expected in steady state to be about 10−5 K
above the temperature of the ambient gas during the fall. The
effects of this temperature difference on the terminal velocity
are much less than 1% under the postulated conditions of the
experiment.
APPENDIX B: EFFECTS OF TRANSMISSION
COEFFICIENT DEPENDING ON INCIDENT VELOCITY

If we take explicit account of a velocity dependent transmission coefficient then the right-hand side of Eq. 共9兲 becomes
dpជ
=
dt

APPENDIX A: MASS AND ENERGY CHANGES OF THE
DROPLET

In solving the equation of motion for the falling droplet,
we neglected mass and temperature changes of the droplet.
Within the same approximations used to write Eq. 共1兲, we
find that the mass change is
dM/dt = m
−

冕冕
冕冕

关n̂ · 共vជ − uẑ兲兴共vជ 兲dvជ dS

冑

m
.
2  k BT

For the suggested experimental parameters, this corresponds
to a fractional rate of increase of the droplet’s mass of about
5 ⫻ 10−6 s−1 which is negligble.
Similarly the rate of change of the thermal energy E of the
droplet is given by
dE/dt =

冕冕
冕冕

关n̂ · vជ⬙兴m共vជ 兲关1 − T共vជ ,n̂兲兴dvជ dS − uជ

冕冕

冕冕

关n̂ · vជ⬘兴m共vជ 兲

关n̂ · vជ⬙兴mvជ uជ · ⵜvជ ⬙关共vជ 兲兴

⫻关1 − T共vជ ,n̂兲兴dvជ dS.

共B2兲

Here the integrals on vជ ⬙ for fixed n̂ are constrained to
n̂ · vជ ⬙ ⬍ 0 and the integral on v⬘ for fixed n̂ is constrained to
n̂ · vជ ⬘ ⬎ 0. If one takes 1 − T共vជ 兲 = f i a constant in this then one
gets Eq. 共10兲. However taking T共vជ , n̂兲 = 兺ltl共v兲Pl共n̂ · v̂兲 one
can evaluate the integrals term by term in terms of the unknown functions tl共v兲. 共Pl are Legendre polynomials.兲 Keeping only the terms l = 0 , 1, which we found to give the largest
transition amplitude in weak coupling calculations we find

冉 冕

− uជ mg4R2 2

− 共m/3kBT兲

Expanding in u we find that, as for mass, the leading term is
of second order,

冑

冕冕

⫻关1 − T共vជ ,n̂兲兴dvជ dS +

共n̂ · vជ⬘兲关m共vជ⬘ + uẑ兲2/2兴共vជ⬘兲dvជ⬘dS.

2
dE
= −  R 2u 2 g
3
dt

共B1兲

Substituting vជ = vជ − uជ and expanding to first order in uជ , the
⬙
two terms involving integrals on the right-hand side become

关n̂ · 共vជ − uẑ兲兴共mv2/2兲共vជ 兲dvជ dS

−

共n̂ · vជ⬘兲关m共vជ⬘ + uẑ兲兴关1 − T共vជ ,n̂兲兴共vជ⬘兲dvជ⬘dS

+ Mgẑ.

in the same notation. Expanding in u and evaluating the integrals we find that the leading term in the rate of change of
the droplet’s mass is of second order in u,
dM 2
= m  R 2u 2 g
dt 3

关n̂ · 共vជ − uẑ兲兴共mvជ 兲关1 − T共vជ − uជ ,n̂兲兴共vជ 兲dvជ dS

−

uជ

共n̂ · vជ⬘兲共vជ⬘兲dvជ⬘dS

冕冕
冕冕

− 共m/9kBT兲

冕
冕

v3共v兲关1 − t0共v兲兴dv
v5关1 − t0共v兲兴dv
v5共v兲t1共v兲dv + ¯

冊

共B3兲

which is the same as the friction term in 共10兲 if

2mkBT
.


This corresponds to the droplet’s temperature decreasing at
the rate of approximately 10−4 K / s for our suggested experimental parameters. Here we have assumed that the thermal
conductivity39  ⬇ 3.3⫻ 10−5 W / cm K of the helium vapor
near 1 K at the vapor pressure is large enough so that the
temperature of the vapor near the droplet remains un-

3关¯兴

fi =
2

冕

共B4兲

v dv
3

in which 关¯兴 is the expression in square brackets in the
preceding equation. This reduces to 1 if T = 0 and to 1 − t0 if
T is independent of velocity. However for more realistic ve-
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locity dependences, f i will have a temperature dependence
arising from the temperature dependence of the Maxwell velocity distribution 共v兲. The resulting temperature dependence of f i will then depend on the v dependence of the
functions tl共v兲 关though the tl共v兲 themselves do not depend on
temperature兴.
APPENDIX C: SIMULATION OF OPTICAL SIGNAL
FROM A DROPLET

In order to illustrate detection of the droplet, we performed numerical simulations utilizing geometrical optics.
For simplicity, we considered scattering of light from a cylinder, with light polarization along the cylinder’s axis. The
surface was assumed to be uniformly lit.
The simulation involved summing the intensities produced by the light beams incoming at distributed locations
on the surface. Each incoming beam produced series of exit
beams due to numerous internal reflections of which only the
directly reflected and first internally reflected beams turn out
to be significant. The intensity of each beam is determined
by applying Fresnel relations for the transmission and reflection coefficients T and R,
Tn→n⬘ =

Rn→n⬘ =

冉冑
冉 冑冑

2n cos ␣

n⬘2 − n2 sin2 ␣ + n cos ␣
n⬘2 − n2 sin2 ␣ − n cos ␣
n⬘2 − n2 sin2 ␣ + n cos ␣

冊
冊

2

,
2

,

where ␣ is the angle of incidence of light from media with
index of refraction n into media with index of refraction n⬘.
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