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We perform molecular dynamics simulations and develop a theoretical approach based on the twodimensional cylindrical cell model to investigate the salt-dependent interactions between two sparselygrafted, rigid polyelectrolyte brushes. Extending our previous study, (A. Wynveen and C. N. Likos,
Phys. Rev. E: Stat., Nonlinear, Soft Matter Phys., 2009, 80, 010801), we find that the repulsive force
between the brushes arises in equal parts from the compression of osmotically-active counterions
trapped within the brushes, and from the necessary distortion of the rigid polyelectrolytes as the
brushes approach each other. This latter, bending-force contribution also depends on the ionic
environment within the brush as ionic screening reduces the effective persistence length of the
polyelectrolyte chains. Our investigations yield results that are consistent with those of experimental
studies of the salt-dependent forces between DNA-grafted colloids.

I.

Introduction

Polyelectrolyte (PE) brushes are solid surfaces on which
macromolecular ionic chains are grafted at their ends. PEbrushes have recently garnered a great deal of attention by means
of theoretical investigations, experiments, as well as simulation
studies, for recent reviews, see Refs 1 and 2. Most of this attention has been paid to single brushes and takes the form of studies
of the conformational transitions of a brush from the ‘‘osmotic’’
regime,3,4 in which the osmotic stress of trapped counterions
within a brush extends the brush chains to a collapsed state with
added salt.5–7 Additionally, considerable work has also been
initiated to explore interactions between brushes,8–11 with applications ranging from lubrication between PE grafted surfaces to
stabilization of colloidal brush dispersions.
Recently, there has been keener interest in studies of sparse
brushes, grafted with shorter, rigid polyelectrolyte chains, such
that the distance between the grafted chains is of the order of
the chain lengths: here, the chains on a single brush interdigitate and interact with one another indirectly, via the rearrangements of the counterionic clouds, whilst the chains can be
additionally compressed against the colloidal surface of the
opposite-lying brush. For example, Kegler et al.12 carried out
experiments on the interactions between brushes sparsely
grafted with double-stranded DNA, using DNA strands with
lengths close to that of the intrinsic bending persistence length
of the molecules. For these brushes, unlike their densely grafted
counterparts, interdigitation of chains on opposite brushes may
occur. In this way, chains of one brush may interact with the
grafted surface of the other, providing a different distancedependent force than that for densely grafted brushes in
the osmotic regime, as analyzed theoretically in Ref. 13. In
the experimental investigations,12 the dependence of the
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interactions between the brushes on length of the DNA chains,
grafting density, and salt concentration, has been investigated
as well, finding that increased salt concentrations reduce the
range of the force and/or the magnitude of the repulsive force
at a given brush separation.
In a previous study,14 we provided a combination of simulation and theoretical approaches to understand the force vs.
distance curves of salt-free, stiff PE-brushes. To this end, we
carried out simulations and developed a theory for the interactions between planar brushes sparsely grafted with rigid polyelectrolyte chains.14 We found the pressure between the brushes
arose from two different, but equally important, sources. The
first was the increased pressure of osmotically-active brush
counterions trapped between the brushes as the brushes were
brought closer together. For this contribution to the pressure, we
found good agreement between the simulations and a theory,
which we developed, based on an implementation of the cylindrical cell model and solving the corresponding Poisson–Boltzmann equation. The second component derived from the work
required to bend the rigid polyelectrolyte chains. In Ref. 14, we
employed a ground state theory of the buckling of rigid rods to
describe the results of the simulations. In this work, we extend
both the simulations and the theory to account for the addition
of salt in the interacting brush systems, an issue that has not been
hitherto addressed. As before, predictions of the theory yield
good agreement with the simulation results. We find that, upon
including salt, there is a reduction in the absolute pressure
between the brushes, as compared to the salt-free case, due to (i)
an expulsion of the salt ions between the brushes as they are
pushed together and (ii) a decrease in the rigidity of the polyelectrolyte chains with the increased screening of the chains by
the salt ions. Moreover, both the results of the simulations,
although limited to a much smaller scale, and those of the theory,
are found to be compatible with the observed salt-dependent
interactions between DNA brushes in the experiments.12
The rest of the paper is organized as follows: In section II we
describe the simulation and the theory and in section III we
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present a detailed comparison between the two. A critical
discussion of the results and a comparison with experimental
data are presented in section IV, and in section V we summarize
and draw our conclusions.

II. Methods
A. Molecular dynamics simulation
We adopt a particle-based model for the DNA-chains and the
counter- and co-ions in the problem, while the aqueous solvent is
treated as a continuum; for the sparse brushes considered here,
the chain–chain separations are large enough for the standard
dielectric screening approach to be valid. In particular, molecular
dynamics (MD) simulations were performed for flat brushes
consisting of polyelectrolyte chains of N ¼ 50 monomers (M) of
unit charge, enough monovalent counterions (C+) to neutralize
the brushes, and, in some simulations, monovalent salt co-ions
(S) and counterions (S+). The short-ranged excluded volume
interactions of the chain monomers, their counterions, and the
salt ions, are described by shifted Lennard-Jones potentials,
assuming good solvent conditions:
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In eqn (1) above, a, b ˛ {M, C+, S+, S} are indices for the four
different species present, chain monomers, monomer counterions, as well as salt counter- and co-ions, and r denotes the
separation between their centers. The numerical values of the
various parameters are fixed as follows: the basic energy- and
 The
length-scales are 3LJ ¼ 1.0 kJ mol1 and sLJ ¼ 4.0 A.
interaction-range parameters, rab, are defined as rab ¼ (ra + rb)
 and rM ¼ 9.0 A.
 The
 sLJ, with rC ¼ rS ¼ rS h sLJ/2 ¼ 2 A
above choice implies that the steric interactions between
counter- and co-ions diverge at zero separation, whilst that
between monomers and ions already at a center-to-center
 and those between monomers at a distance of
distance of 7 A,
 reflecting the monomers’ larger size. Setting the value
14 A,
where the potential equals 3LJ as a measure of the steric range, it
follows that the radii of the chain monomers and counterions
 the
provide an effective steric radius of the chain of a ¼ 11 A,
approximate radius of DNA used to fit osmotic pressure
experiments of columnar DNA assemblies with Poisson–
Boltzmann/cell model theories.15,16 The electrostatic potential
between the charges was described by the usual Coulomb
potential with the water solvent treated implicitly as a dielectric
background with 3 ¼ 80. The mass of each monomer is taken to
be 660 amu, the mass of a DNA base pair,17 and that of
a counterion as 20 amu (1 amu ¼ 1.66  1027 kg).
The interactions of the various species with the planar wall are
described by a potential similar to that of eqn (1), viz:
+
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if z . 21=6 sLJ þ za
(2)

Here, z is the distance between the wall and the center of the
particle, a ˛ {M, C+, S+, S}, as above, and za ¼ ra  sLJ. With
this choice, the wall-particle potentials are identical for all
particles, when considered as functions of the separation between
the wall and the particle surface, the latter being defined as the
locus of points at a distance ra from the particle’s center. The
repulsive steric wall force is quite short-ranged so that the results
are expected to be relatively independent of the power law used in
the potential. Changing the power law, namely the dominant,
repulsive first term, would simply alter the defined exact location
of the wall.
The connectivity of chains was modeled using a bead-spring
model with adjacent beads bonded with a harmonic potential
Vb ðrÞ ¼

kb
ðr  bÞ2
2

(3)

 the
in which the equilibrium length, b, was chosen to be 3.4 A,
rise (bond length) between neighboring base pairs of B-DNA
molecules. We chose a spring constant with the value kb ¼ 210 kJ
2, which gives a dispersion in the rise of about 0.15 A,

mol1 A
a value consistent with that observed in structural studies of
DNA.18,19 The first bead of every chain is also harmonically
bound to the wall by a potential of the form of eqn (3) above,
with r / z.
The stiffness in the chains was modeled via a harmonic valence
angle potential:
Vq ðqÞ ¼

kq
ðq  pÞ2
2

(4)

where q is the angle subtended between the bonds emanating
from any monomer, i, and reaching to the preceding and the
successive ones, i  1 and i + 1, respectively. The bending energy
constant, kq ¼ 750 kJ mol1, as used in previous studies,20,21 gives
the approximate persistence length of DNA at low ionic strength,
 22 Electrostatic repulsion among monomers on the
500–1000 A.
same chain also contributes to the persistence length, and
therefore the latter depends very much on its ionic environment,
since free ions near the chain may screen this repulsion.22–24 A
similar harmonic valence angle potential as in eqn (4) is used for
the bonds at each grafting point, with the substitution p / p/2
and q denoting the angle between the first bond and the wall
surface. Accordingly, the chains energetically prefer to be
perpendicular to the wall on which they are grafted. This
condition also guarantees that the conformation of chains at the
edge of the brush is quite similar, and parallel to, those at the
center.
Each flat brush was composed of a triangular grid of 42 chains,
each of which was grafted at one end to a wall in the simulation
cell. Grafted chains roughly covered a 104 nm area of each wall,
which corresponded to a grafting density, s, with an average
nearest neighbor distance equal to an N ¼ 50-monomer chain
 The brushes faced each other with the gridded
length, L ¼ 170 A.
grafting points on one brush staggered by half the lattice spacing
relative to the opposing brush, a situation that evidently minimizes electrostatic interactions. The total cross-sectional area,
Lx  Ly (with the brush extending normally to the wall, along the
z-direction) of the simulation box was greater, by a factor of 4 or
more, than the grafting area. This allowed for a fraction of the
counterions to be free of the brushes. This brush-free volume of
This journal is ª The Royal Society of Chemistry 2010

the simulation cell thus effectively acted as an ion source or sink,
mimicking the brush-free regions of brush experiments.
Furthermore, the total accessible
volume
V of the system, V ¼ Lx
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ﬃ
 Ly  D, with Lx ¼ Ly ¼ V =D, was kept constant as the
distance D between the brush walls was varied, hence guaranteeing that the average counterion and salt density in the accessible volume remained constant across simulations.
Coulombic interactions in the simulations were computed
using the three dimensional version of the Ewald summation
method with conducting boundary conditions. The parameters
for the Ewald sum were chosen to give a relative error in the
computation of the Coulombic interactions of the order of 106.
Since the brushes constitute an effectively two-dimensional
system, the size Lz of the full simulation box was chosen to be
much larger (>3 ) than D, and a correction term for this slab
geometry was included25 to eliminate the effect of interactions
between periodic replicants in the z-direction. Simulations were
carried out within the canonical (NVT) ensemble using the Nose–
Hoover thermostat at a temperature T ¼ 298 K. Initial configurations were chosen with the chains being fully extended when
the inter-wall separation, D, was greater than their length, or
bent along a cosine curve with the ends perpendicular to both
surfaces when the length of the chains, L, exceeded D. The
distance between adjacent monomers was initially set at their
equilibrium bond length, b, and the counterions were distributed
 of a chain. For those
randomly within a distance of 100 A
simulations containing salt, the salt ions were distributed
randomly within the accessible volume of the simulation cell at
the beginning of the simulations. A typical simulation consisted
of >105 equilibration time steps (2 fs/step) and 106 production
steps. Two trials were carried out, one without salt and one with
monovalent salt at a concentration of 5 mM, with the same
accessible system volume, V ¼ 12  105 nm, for each.
In the simulations, the calculated force on each brush was
divided between a part arising from the chain deformation and
that due to the momentum transfer of the free, osmotically-active
chain- and salt-ions to the brush wall. The former consisted of
the force on the grafting points of the brush, as well as the force
imparted by the monomers of the chains of the opposing brush,
whereas the latter only included those free ions within the brush.
Therefore, the total force divided by the cross-sectional area of
the brush or, equivalently, the pressure, P(D), on each brush, is
simply given by the sum of these individual contributions,
P(D) ¼ Posm(D) + Pchain(D)

(5)

where Posm(D) represents the contribution from osmoticallyactive monomer- and salt-ions and Pchain(D) the contribution
from chain bending.

B. Theory
In the case of salt-free brushes, the theoretical assumption has
been made that nearly all counterions are confined within the
brush to fully neutralize the brushes in the osmotic brush
regime;2,3,26 this is fully supported by our simulations for sparsely
grafted brushes.14 The introduction of salt to the system
complicates matters. Here, the assumption of neutralization of
the brush provides no information concerning the concentration
This journal is ª The Royal Society of Chemistry 2010

of salt ions, as long as the number of salt coions is offset by the
same number of salt counterions, within the brush. Furthermore,
the inclusion of salt complicates studies of counterion condensation along finite, strong (having a Manning parameter x > 127),
polyelectrolyte chains,28–32 and therefore predictions that rely on
condensation arguments become problematic. A model that offers
a way to deal with these issues, and can be used as an alternative
means to determine the osmotic pressure between the brushes, has
been proposed in our previous study.14 This model provided
predictions for the osmotic pressure contribution, consistent with
those of an elementary model in which the pressure was simply
assumed to be proportional to the average concentration of the
counterions, the total number of which remained constant as the
brushes were brought together, within each brush.
This theory for the osmotic pressure contribution entails
mapping the sparse brush problem onto a two-dimensional cell
model for infinite line charges.33,34 In Ref. 14, the assumption is
made that the pressure at the cylindrical cell boundary of the
polyelectrolyte chain is equivalent to the pressure at the brush
walls, invoking the argument by Antypov and Holm32 for
a similar system (isotropically distributed charged rods). Antypov and Holm have established that, for the finite cylindrical cell
surrounding a rod, which provides the lowest free energy in the
system, the average counterion density and, hence, the osmotic
pressure at the lateral cell wall, is the same as the osmotic pressure at the ends of the cell. This mapping of the problem onto the
2-D cylindrical cell model not only affords simple inclusion of
salt to determine the osmotic pressure between the brushes but it
also provides the counterion and salt ion distributions about the
brush chains, which may be compared to those found in the
simulations.
Accordingly, we have extended our theoretical model presented in Ref. 14 through the inclusion of salt ions and assuming
that the sum of the brush and salt coions are fully neutralized by
their counterions within each individual cell, i.e., invoking local
charge neutrality at the length scales set by the cylindrical
cells. The theory amounts to solving the non-linear Poisson–
Boltzmann equation
3V2 4ðrÞ ¼ 4pe

X



za na exp  beza 4ðrÞ

(6)

a

where b ¼ (kBT)1 with kB being Boltzmann’s constant, and with
the boundary conditions:

v4
2e
a  ¼
vr r¼a 3b

and

Rs


v4
¼0
vr r¼Rs

(7)

where the former boundary condition arises from the bare charge
of the chains and the latter from the aforementioned neutralization of the chains by the chain monomer counterions and salt
ions within the cell. Here, r is the radial coordinate, e is the unit
charge, na and za ¼ 1 are the average concentration and valency
of ion species, a, respectively, a is the effective radius of the
chain, and b is the distance between unit charges along the chain.
The main difference between the formulation here and that
presented in Ref. 14 is that we must now sum over ion species
a ˛ {C+, S+, S} (chain counterions and salt counterions and
coions) rather than only having to consider the free counterions.
As before, the original brush system is then translated into this
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2D formulation by scaling the radius of the cell boundary in the
cell model with the distance
between
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ﬃ the walls of the original 3D
brush system, Rs ¼ D=ð2pLsÞ. The pressure at the cell
boundary and, thus, between the brushes is determined from the
ion density at the cell boundary, viz:
X


na exp  beza 4ðRs Þ
(8)
Posm ðDÞ ¼ kB T
a

This is the first term in eqn (5) above, the dependence on the
inter-wall separation D entering implicitly through the quantity
Rs.
Additional to this osmotic pressure term arising from the
counterion and salt ion interactions with the brush wall, the
polyelectrolytes contribute an additional repulsive force between
the brushes in the form of work that must be done to bend the
chains upon increasing confinement. Being that sparse brushes of
stiff chains are completely interpenetrating,10 as opposed to
brushes with flexible polyelectrolytes and/or with large grafting
densities, this force is realized when chains make contact with the
wall of the opposing brush, i.e., when D < L.
The chain-deformation component of the total force is
determined by calculating the bending energy of a buckled
inextensible chain,35,36 given by
2
ð1 
B
dtðsÞ
ds
(9)
Vbend ðDÞ ¼
2L
ds
0

where B is the bending rigidity modulus of the chain and t(s) is the
tangent vector to the chain contour at the contour location s, the
latter having been rescaled by L in eqn (9) above. The contribution Vbend(D) has to be minimized subject to the condition:
ð1

L tðsÞ ,b
z ds ¼ D

(10)

0

where ^z is the unit vector perpendicular to the brush wall. This
condition guarantees that the ungrafted end of the chain lies at
the opposite wall. In accordance with the simulation model, in
which a strong bending potential has been introduced on every
grafting point, we impose the constraint that the chains emerge
from the wall at a direction perpendicular to it, corresponding to
the boundary condition t(s ¼ 0) ¼ ^z.
It is convenient to recast the problem in terms of f(s), the angle
subtended by the tangent vector and the line perpendicular to the
_
brush wall, and f(s),
the rate of change of this angle along the
contour. Eqn (9) then takes the form:
ð1
B _2
Vbend ½fðsÞ ¼
f ðsÞ ds
2L

which is simply the equation of motion of a physical pendulum,
with the contour length, s, playing the role of the time variable.
The general solution of this equation is given by:
hpﬃﬃﬃﬃ
i
pﬃﬃﬃﬃﬃﬃﬃﬃ
fðsÞ ¼ 2arcsin m snðL l=B sjmÞ
(14)
where sn(...) is a Jacobi elliptic function, m ˛ [0, 1), and the
Lagrange multiplier, l, turns out to correspond to the force
arising from bending. The two unknowns, m and l, are determined from the boundary conditions.
In contrast with the systems studied in Refs 36 and 37, in which
solutions are found for a chain conformation when it is clamped
at each end, such that it lies perpendicular to the surface at both
ends, here we have only one local boundary condition, i.e., that
the chain lies perpendicular to the wall at its grafting end,
f(s ¼ 0) ¼ 0; the other boundary condition is global and is given
by eqn (12). The minimum energy solution of the Euler–
Lagrange equation with these boundary conditions yields a chain
_
conformation for which the chain’s curvature, /(s),
vanishes at
its free end, s ¼ L. The mathematical form of the solutions splits
into two classes, determined by the inter-wall separation, D.
There exists a crossover value at D ¼ D*, such that when D > D*,
the curvature of the chain is finite throughout its contour length,
becoming zero only at its free end, whereas when D < D* a whole
section of the chain lies flat on the opposing wall and supports no
curvature.
More precisely, in the range D* < D # L, the solution takes the
following form:
hpﬃﬃﬃﬃ
i
fðsÞ ¼ 2arcsin m snðK½m s j mÞ ; if D*\D # L
(15)
where K[m] is the complete elliptic integral of the first kind.
Evidently, l ¼ BK2[m]/L2 in this regime. The value of m is
determined implicitly by the requirement that eqn (12) must be
fulfilled. It attains the value m ¼ 1/2 at the crossover point
D ¼ D*; this implies f(s ¼ 1) ¼ p/2, so that the chain reaches the
opposing wall in a direction tangential to it (see also below). This
m-parameterized family of solutions represents shapes that are
bent further as D diminishes, with the curvature being distributed
along the whole contour, as shown in Fig. 1.

(11)

0

with the constraint
ð1

cosfðsÞ ds  D=L ¼ 0:

(12)

0

As in Ref. 36, the Euler–Lagrange equation determining the
chain conformation that minimizes the bending energy reads as:
2

€ þ lL sinfðsÞ ¼ 0
fðsÞ
B
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(13)

Fig. 1 The equilibrium shape of a rod of length, L, for various wall
separations, D, as determined by minimization of the bending energy, eqn
(9), under the constraint of eqn (10) and the condition that the chain
emerges perpendicularly from the wall, located at z ¼ 0, on which it is
grafted. Note the change in the conformation when the threshold value
D ¼ D* is crossed.
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In the range 0 < D # D*, the solution crosses over to a different
form, namely:
fðsÞ ¼
i
hpﬃﬃﬃﬃﬃﬃﬃﬃ 
(


2 arcsin 1=2 sn K½1=2 D* =D s  1=2 ;
p=2;


if s # D=D*

if s . D=D*
(16)

According to eqn (16), the equilibrium conformation of the
confined chain in the regime 0 < D # D* features two segments:
one that is bent and one that has the form of a straight line in
contact with the opposing wall and running parallel to it.
Comparing the form of the solution for the bent part with that
from eqn (15), we see the shape of the chain up to the point where
this section goes over to the straight one has the same form as the
chain conformation when D ¼ D*, with the contour location, s,
rescaled by D/D*. The shape is also shown in Fig. 1. The
critical distance at which the solution of the minimum energy
contour takes a new form is given by D*/L ¼ 2E[1/2]/K[1/2]  1 ¼
0.456946., where E[m] is the complete elliptic integral of the
second kind.
Knowing the form of the chain conformation, we may
calculate the bending energy as a function of D using eqn (11)
and the known solutions for the contour shape:
8
*
B< p D
if D # D*
Vbend ðDÞ ¼
2 D
L: 2K½mðE½m
þ ðm  1ÞK½mÞ if D*\D\L
(17)
and then differentiate to determine the force, which additionally
is given by the Lagrange multiplier. Again, the behavior of the
force changes when the confinement distance lies below D*:
8 
p
if D # D*
B< D* =D2
2
Fbend ðDÞ ¼
(18)
L: K 2 ½m=L
if D*\D\L
For D > D*, the full solution is closed by the additional equation
on m, 2E[m]/K[m]  1 ¼ D/L, arising from the constraint that the
chain must bridge the walls of the opposing brushes. For this
case, the force is nearly flat, only slightly increasing with greater
confinement, and there is an abrupt jump in the force from zero
to a finite value, K2[0]B/L2 ¼ (p/2)2B/L2, when the chains first
contact the opposite wall at D ¼ L.
Eqn (18) gives the force acting on each end of a single, bent
chain confined between two parallel walls. Considering now two
interdigitating, stiff and sparse PE-brushes, the total force per
chain is given by twice the value of eqn (18), since each wall
experiences a force by the chain grafted to it and an equal one
from the chain of the opposing wall. For PE-brushes with
grafting density s, the chain contribution to the pressure of eqn
(5) is thus given by the expression:
Pchain(D) ¼ 2sFbend(D).

(19)

As a test of this theory for the chain-bending force at finite
temperatures, we performed Monte Carlo (MC) simulations on
neutral chains, incorporating a bending rigidity as prescribed in
section IIA. A Monte Carlo step consisted of rotating each pivot
point of the chain by a finite angle and accepting those rotations
This journal is ª The Royal Society of Chemistry 2010

for which: (i) the projection of the chain on a line perpendicular
to the grafting surface was less than D, mimicking a chain
compressed between two walls; and (ii) the Boltzmann weight of
the change in energy of the chain upon the rotation of this pivot
point was greater than a randomly generated number between
zero and one (the usual Metropolis algorithm). At a temperature of 300 K, the bending force found from the MC simulations differed very little from the ground state calculation, eqn
(18), for chains with the length and rigidity used in the MD
simulations. Thus, temperature effects (thermal fluctuations of
the chains) may be neglected upon fitting the chain-bending
forces found in the MD simulations, as shown in the following
section.

III.

Comparison of theory with MD simulations

For the osmotic pressure contribution to the total force between
the brushes, we solved the non-linear Poisson–Boltzmann
equation, eqn (6), upon mapping the system onto a 2D cell
model, where, again, the radius of the cell
decreases
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ﬃ with
decreasing separation of the brushes, Rs ¼ D=ð2pLsÞ. Solutions for the theoretical ion distributions, determined from
the electrostatic potential, are compared with simulations in
which salt is excluded, so that the only free ions are the
chain counterions with a concentration nC ¼ 5.8 mM, and for
simulations with a bulk monovalent salt concentration of
nS ¼ nS ¼ 5.0 mM. The distributions of both counterions and
coions are shown in Fig. 2 and 3. A comparison with the salt-free
system at one brush separation is shown in the inset of Fig. 2.
As illustrated in these figures, the 2D cell model formulation
yields distributions that fit the simulation data rather admirably,
with the same trends as seen in Ref. 14. With the addition of salt,
we find that in both the simulations and the theory the number of
salt counter- and co-ions decreases with decreasing distance
between the brushes. Again, because the brush is neutralized
+

+



Fig. 2 The distribution of the counterions’ (chain monomer and salt)
shortest distance to a (bent) brush chain, averaged over the entire length
of the chain at brush separations of D/L ¼ 0.44 (B), 0.88 (,), and 1.76
(+). Lines illustrate the cell
model calculations
at the corresponding
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ﬃ
separations where Rs ¼ D=ð2pLsÞ. Inset: comparisons between
systems with salt (B: simulation; —: theory) and without salt (,:
simulation; - --: theory) for the counterion (top curves) and salt co-ion
(lower curve) distributions. Both in the main plot and in the inset, the
results for the salted brushes correspond to 5.0 mM monovalent salt
concentration.
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Fig. 3 The same as the main plot of Fig. 2, but with the corresponding
co-ion distributions (lower curves) shown as well. As in the previous plot,
the points represent simulation results and the lines the predictions of the
cell model theory.

(as assumed for the theory and observed in the simulations), any
additional coions of the salt within the brush must be matched by
the same number of salt counterions.
The pressure between the brushes, both from MD and from
theory, is shown in Fig. 4. Here, the contribution solely due to the
chains in the simulations, Pchain(D) is also provided for the saltfree and salt simulations, demonstrating that this concentration
of salt has little effect on this contribution to the total pressure.
This chain contribution follows the analytical solution, eqn (18)
and (19), for the work required to bend a chain with a bending
rigidity of B ¼ 3.0  1028 J m, which corresponds to a persis The agreement between the analytical
tence length of 725 A.
theory for chain bending and the results from the simulation is
also manifest in the conformations of the chains in the MD
simulations, which are similar to those predicted by the chainbending theory (Fig. 1). The total pressure in the simulations also
includes the force of the free ions (counterions and salt) on the

Fig. 4 The osmotic pressures from simulations and the theoretical
calculations for systems with and without added salt. The squares
(without salt) and crosses (with salt) show the contribution to the total
pressure from bending of the chains and the theoretical prediction, eqn
(18) and (19), with B ¼ 3.0  1028 J m (-- --). The total pressure as
a function of brush separation for the system without salt (with salt) is
given by the circles (triangles) for the simulation with the respective
theoretical prediction of the cell model given by — (-- . -). The pressures for
the systems with and without salt begin to converge at small separations
as the salt is ‘‘squeezed out’’ of the brush.
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brush walls. Again, the total pressures are shown for the cases in
which there was no added salt and in which salt was included.
The cell model predictions for the osmotic pressure, with no free
parameters, shows the same trends as the simulation. The results
shown in Fig. 5 illustrate that salt increases the pressure at large
brush separations, in both the simulation and the theory, as
compared to that of unsalted brushes. However, as the brushes
near each other, the pressure for the salt case approaches that of
the system with no added salt as salt ions leak into the bulk.
Essentially, as the brushes approach each other, the salt ions are
‘‘squeezed out’’ of the brush. Note that the difference in the
pressure between the salt-free and salt cases at the point just
before the brush chains begin to interdigitate (D ¼ 2L) is
approximately that of the osmotic pressure for the salt at its bulk
concentration, i.e., (ns + ns )kBT ¼ 0.025 pN nm2.
+

IV.



Discussion

Although our analysis has been restricted to planar brushes,
a comparison with recent experimental results for the force vs.
distance curves of spherical DNA brushes 12,13 is possible. The
forces were measured by Kegler et al.12,13 employing a very
accurate laser-tweezer apparatus. Our results from theory and
simulation are consistent with the experimental ones, although
there are qualitative differences mainly arising from the different
(flat) geometry we have employed, as elaborated below.
In the experiments, increasing the salt concentration resulted
in the forces between the brushes becoming shorter-ranged and/
or the force curves being shifted downward to lower values at the
same brush separation. Despite the deceiving appearance of the
curves in Fig. 4, which seem to show the opposite effect, our
results share this trend if proper account of the possibility of
escape of the salt ions is taken into account. For the case of
planar brushes, we assume that all ions are trapped in between

Fig. 5 The total absolute pressures, i.e. the pressures subtracting off the
value when the brushes first interdigitate, using the theoretical calculations for systems with and without added salt. The solid line shows the
absolute pressure for a system without salt and the dash-dotted line the
absolute pressures with 5.0 mM monovalent salt concentrations, the same
used for the simulations. Here, however, the dependence of the persistence length on the ionic environment, eqn (20), is used to determine the
contribution to the pressure of the chain-bending force for the salt-free
(-- --) and salt (B) systems. For this set of parameters (chain length,
grafting density, etc.), the same used for our simulations, the effect of the
salt on the bending force is negligible.
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the two planar walls, ignoring the possibility that, when being
emerged in a solution, there will also be salt ions on the ‘‘outside’’
part of the two walls. In the case of spherical brushes, this
happens automatically, since the curved surfaces do not provide
a restricted region of space in which the ions can be trapped.
If we take into consideration the fact that the bulk salt ions
exert an osmotic pressure on the reverse side of the brushes (not
included in the simulations), providing a force opposite to that of
those ions in between the brushes, the effective pressure upon
including salt becomes less than that of the salt-free case. This
difference in the total pressures, between the salt-free case and
that with salt, including the forces due to osmotically-active ions
on the other side of the brushes, grows larger at closer brush
separations as salt is expelled from the brush. In other words, as
the brushes approach each other, the absolute pressure of
systems with salt would grow even smaller than that for systems
without added salt. This can easily be seen from Fig. 4 by
assuming that the osmotic pressure on the reverse side of the
brush is given by the ideal gas law (dilute salt solution). This
contribution, as argued at the end of the preceding section, will
cancel the offset of the dark and lighter curves in Fig. 4 at
D ¼ 2L, thus bringing the pressure for the salted case to lower
values than its counterpart for the salt-free case.
There is, however, an additional effect that salt will have on the
pressure curves, which is related with the renormalization of the
bending rigidity, B, of the chains, so that salt will also affect
the Pchain(D)-contribution to the osmotic pressure. This has been
hitherto neglected in our analysis of the simulation results
because the different ion concentrations employed there barely
change the bending rigidity of the chains with the addition of salt,
as we will demonstrate shortly. Experiments, on the other hand,
employ salinities well within the regimes in which such effects are
important.12,13
The increased screening of the bare charge of the chains by
added salts reduces the effective persistence length of the
chains.23,24 Therefore the pressure contribution from the chainbending force becomes weaker, as compared to the salt-free case,
since it becomes easier to bend chains whose persistence lengths
are reduced by the increase in the electrostatic screening of the
bare charges along the polyelectrolyte chain by the salt ions. This
reduction in the chain-bending force further enhances the
difference between the pressures of the two cases. Accordingly,
we consider below how the contribution of the bending force of
the polyelectrolyte chains changes with the different ionic environment when salt is added.
The effect of salt on the chain rigidity can be incorporated into
our model for the chain-bending force by employing a rigidity
modulus or, equivalently, a chain persistence length that is
modified to account for the changing ionic environment in the
brush with different salt concentrations, as well as brush separation. Yet there is no single recipe for altering the persistence
length of the chain according to its ionic environment. Disparate
theories exist for explaining how electrostatic screening by salt
ions affects the persistence length of polyelectrolyte chains, see,
e.g., Refs 23, 24, 38 and 39. However, for all theories, as most
experiments demonstrate (see, e.g., Refs. 40 and 41), increasing
the salt concentration tends to reduce the persistence lengths.
Here we employ the approaches of Odijk23 and Skolnick and
Fixman,24 which have been shown to provide an adequate
This journal is ª The Royal Society of Chemistry 2010

description for the monovalent salt concentration dependence of
the DNA persistence length40,41 as a prescription for modifying
the rigidity modulus of the polyelectrolyte chain to reflect
changes upon adding salts and/or changes in the ion concentrations at varying brush separations. In this theory, the total
persistence length lp ¼ B/(kBT) is given by the sum of an intrinsic
persistence length in the absence of electrostatic forces, l0, and an
electrostatic contribution, expressed as:
lel ¼

e2
l2
34kB Tb2 D

(20)

uckel screening length for which
where lD is the Debye–H€
P
l2D ¼ 3kBT/(4pe2 z2anba) with nba being the average concentration
of ion species, a, in the brush.
Using this equation for the ion concentration-dependent
persistence length, with the intrinsic DNA persistence length of
38,40 for solutions of DNA in monovalent salts, and
l0 ¼ 500 A
including the forces due to the osmotically-active ions on the
other side of the brushes, we may determine how salt alters the
absolute pressure between the brushes. In Fig. 5, we show this
comparison for systems with the parameters (chain length, chain
grafting density, etc.) used in our simulations. As previously
stated, the system with added salt has a lower absolute pressure
than for the salt case. However, the difference in the chainbending contribution to the pressure arising from changes in the
persistence length because of added salt is barely distinguishable
for the parameters used in the simulation. Therefore, our
assumption that the rigidity modulus (or persistence length) for
the chains remains unchanged between the salt and salt-free
simulations, and that it also is constant with the changing
conditions in the ionic environment with brush separation, is
indeed valid for the choice of parameters in the simulation.
The situation is different for the typical values involved in
experimental brush systems,12,13 which lie outside the range of the
simulations. There, the change in the rigidity modulus and,
hence, chain-bending force, yield a much more pronounced
change in the pressure between the brushes when salt is included,
due to the influence of salt on a chain’s persistence length. The
much smaller grafting density (104 nm2) of the experiments,
leaving an extremely dilute concentration of the chains’ own
counterions, intimates that the brush interaction is more heavily
influenced by the concentration of added salt and its influence on
the chain-bending force, as shown in Fig. 6. Here, the large
difference between the absolute pressures for the salt-free and
salt cases is dominated by the change in the chain-bending force
rather than due to the pressure induced by the concentration of
osmotically-active ions within the brushes. Translating the
bending force for the planar system onto that of spherical
brushes by employing the Derjaguin approximation, we are able
to reproduce the effects of added salt in the spherical DNA brush
force experiments.12,13 We note that the Derjaguin approximation places an upper limit on the chain-bending force between
spherical brushes. For spherical brushes, where the chains extend
radially from the surface of these brushes and impinge on the
curved surface of the opposite brush at an angle offset from the
normal, the distortion of the chains, at the same surface–surface
distance, is necessarily smaller than that for flat brushes, where
the chains initially meet the opposite wall perpendicularly.
Testing this approximation, MD simulations of spherical
Soft Matter, 2010, 6, 163–171 | 169

Fig. 6 The contribution to the total pressure of the chain-bending force
for a system with a grafting density 50 times smaller than that used in the

previous calculations and for chains 5 times as long, (L ¼ 850 A),
mirroring the conditions used in spherical DNA brush experiments.12,13
The — curve corresponds to a system with a 0.5 mM monovalent salt
concentration, whereas the - . - curve to a 5.0 mM salt concentration,
thereby showing the strong effect that varying salt concentration has on
the chain-bending force for these systems. Inset: the force due to chain
bending between two identical spherical brushes derived using the Derjaguin approximation, F(D) ¼ pRcW(D) where Rc ¼ 1100 nm, the radius
of the colloids used in the experiments of Refs 12 and 13 and W(D) is the
potential of the mean force of the bending contribution per unit area of
the planar brush. Again, the — curve corresponds to a system with a salt
concentration 0.5 mM and the - . - curve to a 5.0 mM salt concentration,
 the contour length of
for brushes with chain lengths of L ¼ 850 A,
a 250 base-pair DNA helix.

brushes, with radii of the order of the brushes used in experiments, of uncharged rigid chains were performed. These simulations shared the same force–distance dependent behavior as
that predicted upon applying the Derjaguin approximation to
the theory of the interaction between flat brushes, and yielded
forces between the brushes that were 10–20% less than that of
these predictions at all brush separations. And so, despite the
limitations of employing the Derjaguin approximation for this
system, we find excellent quantitative agreement of the shapes
and magnitudes of the resulting curves between theory and
experiment.

V. Conclusions
In agreement with our previous study of rigid polyelectrolyte
brushes,14 we found that the interactions between simulated
brushes can be accurately described by theories that take into
account both the osmotic forces due to ions trapped within the
brushes, as well as forces arising from the bending of the rigid
polyelectrolyte chains as the brushes are compressed against each
other. The former contribution could be described via a mapping
of a two-dimensional cylindrical cell model onto the brush
system and the validity of the theory formulated for salt-free
systems14 carries over to the salted brushes. This formulation not
only furnishes the force between the brushes but could accurately
predict the distribution of the chains’ counterions and the salt
ions. As the brushes are brought together, the salt ions are
gradually squeezed out of the brush, with the same number of
coions and counterions of the chain being expelled so that the
interior of the brush remained net neutral. Hence, systems with
170 | Soft Matter, 2010, 6, 163–171

added salt are characterized by a smaller repulsive force between
the brushes at a given brush separation, compared to systems
without salt upon taking into account the osmotic pressure of
salt ions on the other side of the brushes.
The chain-bending force contribution to the pressure between
the brushes for the parameters used in the simulation, however,
remained unchanged in the simulation with added salt. Using
a simple form for the dependence of a polyelectrolyte’s persistence length on its ionic environment,23,24 coupled with the cell
model theory for the ion distributions about the brush chains, we
found that the amount of added salt in the simulations has little
influence on the persistence length of the chains. Hence, as
evident from the simulation, the chain-bending force for systems
with and without added salt were roughly the same. However, we
also determined that, for systems with the chain-grafting densities and salt concentrations of brush experiments,12,13 the
persistence lengths would be dramatically different upon adding
salt, yielding a very different force–distance dependence between
the brushes. At very low salt concentrations, the persistence
length of the chains can be quite large, providing a strong
repulsive force between the brushes when the length of the chains
is smaller than the surface-to-surface separation of the brushes’
grafting surfaces. Upon adding larger concentrations of salt,
however, the salt ions screen the naked charge of the polyelectrolyte chains, reducing their persistence length. This reduces
the contribution of the chain-bending force to the total pressure
between the brushes. Therefore adding salt diminishes both the
osmotic and chain-bending contributions to the total pressure.
The results obtained here are consistent with those of interacting DNA brush experiments.13 Here, increased concentrations
of salts of different valencies were found to drastically reduce the
forces between the brushes, with a force–distance dependence
that scales approximately as D2 at small brush separations,
which is the same scaling law found here for the chain-bending
contribution to the pressure between the brushes. Note that this
power law dependence, derived for chains with lengths smaller
than their persistence length, will necessarily break down for
more flexible or longer chains in which entropic effects, such as
thermal undulations of the chains, must be taken into
account.35,36 Furthermore, multivalent salts may condense the
polyelectrolyte chains and/or further reduce the electrostatic
component of their persistence length,40 thus leading to an
additional decrease in the range of the repulsive forces between
the brushes as compared to the forces measured between brushes
with added monovalent salts at the same ionic strength. The
simple theory and simulations presented here display trends
similar to those of the brush experiments.
We finally remark that the particular characteristics of the
force vs. distance curves for the systems at hand, in terms of its
range and separation-dependence, open up new possibilities for
manipulating effective interactions between colloidal particles.
Since both the bending contributions and the osmotic term from
the ions result from local rearrangements, the validity of the pair
potential approximation seems to be guaranteed for these
systems, in contrast to charge-stabilized colloids.42,43 Superimposing dispersion or polymer-induced depletion attractions on
these colloids would lead to novel ways to tune, e.g., the
succession of short-range attractions and longer-range repulsions
in colloidal suspensions.
This journal is ª The Royal Society of Chemistry 2010
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